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Constructive Problems 


This problems involve explicit construction of functions, or inductive 
arguments. 

Problem 1. Let k be an even positive integer. Find the number of 
all functions f: No — No such that 


f(f(n)) =n +k 
for any n € No. 


Solution. We have 
fint k) = fFF())) = flr) +k 
and it follows by induction on m that 
f(n-+ km) = f(n) + km 


for alln,m € No. 
Now take an arbitrary integer p, 0 < p < k—1, and let f(p) = kq-+r, 
where q € No and 0 <r < k— 1. Then 


p+ k= f(f(p)) = flka +r) = f(r) + kq. 
Hence either q = 0 or q = 1 and therefore 


either f(p) =r, f(r)=p+k or f(p)=r+k, f(r) =p. 


In both cases we have p # r which shows that f defines a pairing of 
the set A = {0,1,..., k}. Note that different functions define different 
pairings of A. 

Conversely, any pairing of A defines a function f: No — No with 
the given property in the following way. We define f on A by setting 
f(p) =r, f(r) = p+ k for any pair (p,r) of the given pairing and 
f(n) = f(q) + ks for n > k +1, where q and s are respectively the 
quotient and the remainder of n in the division by k. 

Thus the number of the functions with the given property is equal 
to that of all pairings of the set A. It is easy to see that this number 
l k! 
is equal to EIDE 

Remark. The above solution shows that if k is an odd positive 
integer then there are no functions f: No — No such that 


Fn) =n+k 


for alln € No. For k = 1987 this problem was given at IMO ’1987. 
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Problem 2. (IMO 71996). Find all functions f: No — No such that 
flm+ f(n)) = f(f(m)) + f(r) 


for all m,n € No. 


Solution. Setting m = n = 0 gives f(0) = 0 and therefore f(f(n)) = 
f(n), ie. f(n) is a fixed point of f for any n. Hence the given identity 
is equivalent to 


f(0) =0 and f(m + f(n)) = f(m) + f(n). 


It is obvious that the zero function is a solution of the problem. 
Now suppose that f(a) # 0 for some a € N and denote by b the 
least fixed point of f. Then 


2f(b) = f(b + f(b)) = F(20) 
and it follows by induction that f(nb) = nb for any n € No. If b=1 
then f(n) = n for any n € No and this function is also a solution of 
the problem. Hence we may assume that b > 2. Let c be an arbitrary 
fixed point of f. Then c = kb +r, where k € No, O< r <b, and we 
get 


kb+r=c= flc) = f(kb+r) = f(f(kb)) + f(r) = kb+ f(r). 


Thus f(r) =r and therefore r = 0 since r < b. Hence any fixed point 
of f has the form kb. Now the identity f(f(i)) = f(z) implies that 
f(t) = bn; for alli, 0 < i < b, where n; € No and no = 0. Thus if 
n = kb + i then f(n) = (k +n;)b. Conversely, it is easily checked that 
for any fixed integers b > 2, no = 0 and ny, na,... Np —1 € No the 


function f(n) = (5 + m) b has the given property. 
Problem 3.Find all functions f: N — R\{0} which satisfy 


POHIO tfn Sna 1) 

Solution. If we try to set f(x) = cx we compute that c = ż. 
However the condition of the problem provides a clear recurrent relation 
for f, therefore there are as many solutions as possible values for f (1). 
So set f(1) =a. Then setting n = 1 in the condition we get a = a f (2) 
and as a Æ 0 we get f(2) = 1. Then setting n = 2 we get f(3)=a+1. 
Setting n = 3 we get f(4)(a +1) = a+ 1+ (a+ 1) so f(4) = 2 as 
a+ 1 = f(3) 40. Now we see a pattern: for even numbers k f(k) = £ 
as desired, whereas for odd numbers k we have an additional a, and 
we can suppose that f(k) = [E] + (k mod 2)a = E + (k mod 2)(a — $). 
Let’s now prove by induction on k this hypothesis. Clearly we have to 
consider two cases according to the parity of k. 
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a) k = 2n. Then we have f(1) + f(2)+...+ f(k) = f(k)f(K+1) or 
S+34...42+4n(a—4) =nf(2n+1) so zeigen) tna—% =nf(2n+1) 
which gives us f(2n + 1) =n + a, as desired. 

b)k = 2n +1. This case is absolutely analogous. 

Hence all desired functions are of form f(k) = [$] + (k mod 2)a for 
some a. They clearly satisfy the conditions of the problem provided 
that a is not a negative integer (in which f(—2a+ 1) = 0). 

Problem 5.Find all functions f: N — N for which 


FP) + FP) +... + Pm) = (F1) + FQ) +... + F(n))? 


Solution. The function f(x) = x comes to the mind of everyone 
who knows the identity 17+2?+...+n?= cae = (14+2+...+n)?. 
We shall prove this is the only solution, proving in the meantime the 
identity, too. By setting n = 1 we get f(1) = 1. If we subtract 
the identity for n from the identity for n + 1 we get f(n +1) = 
f(n+1)(2f(1)+2f(2)+...+2f(n)+ f(n+1)) so we get an identity of 
a smaller degree: f?(n+1) = 2f(1)+2f(2)+...+2f(n)+f(n+1) (*). 
Doing the same procedure (subtracting (*) for n from (*) for n+ 1) we 
get f?(n + 2) — f2(n+1) = f(n+2)+ f(n +1) and reducing we get 
f(n+ 2) — f(n+1) =1. It’s thus clear by induction that f(n) = n. 
The verification is clear by the same induction, as we actually worked 
by equivalence. 


Problem 6.Find all non-decreasing functions f: Z — Z which sat- 
isfy 
fie) + f(k+1)+...+f(k+n-1)=k 
, for any k € Z, and fixed n. 


Solution. Again subtracting the condition for k from the condition 
for k+ 1 we get f(k +n) = f(k) +1. Therefore f is determined by 
its’ values on {0,1,...,n—1} and the relation f(k) = [£]+ f(kmodn). 
As f is non-decreasing and f(n) = f(0) + 1, we see that there is a 


0<m < n-—1 such that f(0) = f) =... = f(m), f(0)+1 = 
f(m+1) =... = f(n). Now by writing the condition for k = 0 we 
get nf (0) + (n — m — 1) = 0 which implies m = n — 1 thus f(0) = 
fQ) =... = f(n—1) = 0. It’s now clear that f(k) = [£]. This 
value clearly satisfies the condition, as it is a consequence of Hermite’s 
Identity [x] + [z + 4] +... + [z + ==] = [na]. Note that we have also 


proven the identity by induction during the proof. 


Remark In this problem and in preceding ones, we could replace the 
function f by the sequence an, so transforming a functional equation 
into a sequence problem. It can be therefore asked if this kind of 
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problems are functional problems or problems on sequences? While the 
answer is insignificant and is left at the mercy of the reader, sequences 
in general play a very important role in many functional equations, as 
we shall see in a lot of examples. 


Problem 7.Find all functions f: N — R for which we have f(1) = 1 


and 
So f(d=n 
d|n 
whenever n E€ N. 


Solution. Again a little mathematical culture helps us: an example 
of such a function is Euler’s totient function @. So let’s try to prove that 
f =¢. As ¢is multiplicative, let’s firstly show that f is multiplicative, 
i.e. f(mn) = f(m) f(n) whenever (m,n) = 1. We do this by induction 
on m+n. Note that when one of m,n is 1 this is clearly true. Now 
assume that m,n > 1, (m,n) = 1. Then the condition written for mn 
gives us din f(d) = mn. But any d|mn can be written uniquely 
as d = dıdọ where d,|m.dg|n. If d < mn then dı +d? < m+n and 
by the induction hypothesis we get f(d) = f(dıd2) = f(dı)f(d2) for 
d <mn. Therefore mn = X amn f(d) = Yamn acmn (d) + f(mn) = 
Dd odilmazn J (di) f (d2) — F(m) f(r) + fnn) = Zam s) an F) = 
mn — f(m)f(n) + f(mn), so f(mn) = f(m)f(n), as desired. So it 
suffices to compute f for powers of primes. Let p be a prime. Then 
writing the condition for n = pë we get f(1) + f(2)+...+ f(p*) = 
p*. Subtracting this for the analogous condition for n = p**! we get 
f (pt!) = p*t!—p* = (ptt), and now the relation f = ¢ follows from 
the multiplicativity. It remains to verify that an 6(d) = n. There are 
many proofs of this. One of the shortest is evaluating the numbers of 
subunitary (and unitary) non-zero fractions with denominator n. On 
one hand, this number is clearly n. On the other hand, if we write each 
fraction as in lowest terms, then l|n and the number of fractions with 
denominator / is #(1)-the number of numbers not exceeding l which are 
coprime with l. So this number is also -yn o(d). 


Problem 8.Find all functions f: N — N for which we have f(1) = 1 
and 


fn +1) = [f(n) + VF) + 5] 
nEeEN. 
Solution. f(n +1) depends on [y f(n) + 4]. So suppose that 
[Vf (n) +5] = m, thus (m—4)? < f(n) < (m+4)? or m?—m < f(n) < 
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m? +m, then f(n+1) = f(n) +m so m? < f(n+1) < m? +2m < 
(m+1)(m+2). Then [y f(n + 1)+4] is either m or m+1 hence f(n+2) 
is either f(n)+2m or f(n)+2m-+1, som?+m < f(n+2) < m?+3m+4+1 
so m(m + 1) < f(n+2) < (m+ 1)(m + 2). Thus if we denote 


g(z) = [y r+] then g(f(n + 2)) = g(f(n)) +1. As g(f(1)) = 
1,g(f(2)) = 1, we deduce that g(f(n)) = [š] by induction. Hence 


f(n+1) = f(n)+[8]. Then f(n+2) = f(n) + [2] + 42] = f(n) +n 
(Hermite). So f(2k +2) = f(2k) + 2k, f(2k +1) = f(2k—1) +2k—-1 
thus f(2k) = (2k — 2) + (2k — 4) +... +2 + f(2) = k(k — 1) + 1 and 
f(2k +1) = (2k — 1) + (2k—3) +...+1+ f(1) =k? +1. This can be 
summed up to f(n) = [2][22*] +1. 


Problem 9.Find all functions f: N — N that satisfy f(1) = 2 and 
f(n+1)=[1+ f(r) + V1+ f(r) — lv Ff) 


Solution. As [V1 + f(n)] = [\/f(n)] unless 1 + f(n) is a perfect 
square, we deduce that f(n+1) = f(n)+1 unless f(n) +1 is a perfect 


square, in which case f(n) + 1 is a perfect square. Thus f jumps over 
the perfect squares, and f(n) is the n-th number in the list of numbers 
not perfect squares. To find an explicit expression for f, assume that 
f(n) =k. Then there are [Vk] perfect squares less than k so k — [vk] 
numbers which are not perfect squares. As k is the n-th number we 
get k — [Vk] = nsok— Vk <n <k—Vk+1. We claim that 
k = n + [yn + 3]. Indeed n + [yn + $4] is not a perfect square, for if 
n+[/n+4] =m? then we deduce n < m? so [\/n + 3] <m—l1son> 
m?—m-+1 and then [,/n+ 4] > m which implies n+[/n+$] > m?+1. 
Next we have to prove that [,/n + [vn + $]] = [vn + 4]. Indeed, if 
m(m—1) <n < m(m+1) then [/n+ 43] =msont [n+ 5] =n+m 
hence m? < n + [yn + 3] < m? + 2m so [\/n + [vn + §]] = m and we 
are finished. 


Problem 10.Find all functions f: No — No that satisfy f(0) = 1 
and 


f(r) = FEN) + FSD 


Solution. Partition N into sets Sẹ = {a*,a*+1,...,a**+—1}. We 
see that if n € Sp then [2] € Sk-1, [3] E€ Sk-2 (for k > 2). Next we see 


that if k € So then f(k) = 2 and if k € Sı then f(k) = 3. So we can 
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easily prove by induction that f is constant on each Sp. If we let g(k) 
be the value of f on Sp, then g(k) = g(k —1)+ 9(k — 2) for k > 2. It’s 
clear now that g(k) = Fk+2 where (Fa)nem is the Fibonacci sequence. 
So f(n) = Fioganj+2 for n > 1. 


Problem 11.Let f: No — No be a function such that f(0) = 1 and 
fr) = AGD + GD 


whenever n € N. Show that f(n — 1) < f(n) if and only if n = 2*3" 
for some k,h € No. 


Solution. The solution if by induction (recall f is non-decreasing 
by the same induction). The basis for n < 6 is easy to check. Now let’s 
perform the induction step. For [5] and [3], the residue of n modulo 6 
matters. So we distinguish 6 cases: 

a) n = 6k. Then f(n) = f(2k) + f(3k) while f(n — 1) = f(2k — 
1)+ f(3k — 1). So f(n—1) < f(n) if and only if f(2k —1) < f(2k) or 
f (3k —1) < f(38k) thus 2k or 3k is of form 2'3’, which is equivalent to 
n = 6k being of the same form. 

b)n = 6k +1. In this case n is not of form 2’3/, and f(n — 1) = 
fin) = f(2k) + fk). 

c)n = 6k +2. Then f(n) = f(3k +1) + f(2k) while f(n — 1) = 
f (3k) + f(2k) and f(n—1) < f(n) if and only if 3k +1 is of form 2'35, 
which is equivalent to n = 6k + 2 being of the same form. 

d)jn = 66+3. f(n) = f(8k +1) + f(2k +1) and f(n — 1) = 
f(3k +1) + f(2k), so f(n—1) < f(n) if and only if f(2k) < f(2k+1) 
or 2k + 1 = 2'3/, which is equivalent to 6k + 3 = 2'3/t?. 

e)n = 6k +4. We have f(n) — f(n — 1) = (f(8k +2) + f(2k4+1)) - 
(f(8k+1)+ f(2k4+1)) = f(38k+2) — f(3k +1) which is possible if and 
only if 3k + 2 is of form 2*3/, or the same condition for n = 2(3k + 2). 

f)n = 6k + 5. Like in case b) we have f(n) = f(n — 1) and n is not 
of the desired form, since it’s neither even nor divisible by 3. 

The induction is finished. 


Problem 12.Find all functions f: N — [1;00) for which we have 
f2)=4, 
f(mn) = f(m) f(n) 
fn) . f+) 
me n+l 


Solution. It’s clear that g defined by g(n) = in tn) is increasing and 
multiplicative. Therefore g(1) = 1. Also g(2) = 2 and we try to prove 


7 


that g is the identity function. Indeed, assume that | = g(k) 4 k. We 
are done if we find such x, y that satisfy (27 — k”) (27 —1¥) < 0 because 
then the monotonicity is broken. Now as k and l are distinct we can 
find a positive integer such that the ratio between the largest of k”, l” 
and the smallest of them is greater than 2. Then there exists a power 
of two between them, and taking 2” to be that power we get the desired 
conclusion. 


Problem 13. Find all functions f :: Z — Z that obey 
f(m+n) + f(mn—1) = f(m)f(n) +2 


Solution. If f = c is a constant function we get 2c = c? + 2 so 
(c — 1)? +1 = 0 impossible. Now set m = 0 to get f(n) + f(-1) = 
f(0)f(n) +2 so f(n)(1 — f(0)) = 2— f(-1). As f is not constant we 
get f(0) = 1, f(—1) = 2. Next set m = —1 to get f(n—1)+ f(-—n- 
1) = 2f(n) +2. If we replace n by —n the left-hand side does not 
change therefore right-hand side does not change too so f is even. So 
f(n—1)+ f(n+1) = 2f(n) +2. Now we can easily prove by induction 
onn > 0 that f(n) = n?+1 and the evenness of f implies f(n) = n?+1 
for all n. 


Problem 14. Find all functions f :: Z — Z that obey 
f(m+n) + f(mn —1) = f(m)f(n) 


Solution.If f = c is constant we have 2c = œ soc = 0,2. If f 
is not constant setting m = —1 gives us f(n)(1 — f(0)) = —f(—1) 
possible only for f(—1) = 0, f(0) = 1. Then set m = —1 to get 
f(n—1) + f(—n —1) = 0. Now set m = 1 to get f(n +1) + f(n- 
1) = f(1)f(n). This is a quadratic recurrence in f(n) with associated 
equation z? — f(1)r+1=0. If f(1) = 0 we get f(n—1)+f(n+1) =0 
which implies f(n+2) = —f(n) so f(2k) = (—1)?*f(0) = (—1)*, f(2k+ 
1) = (-1)*f(1) = 0. This function does satisfy the equation. Indeed, 
if m,n are both odd then mn — m — n — 1 = (m — 1)(n — 1) - 2 
and so m + n,mn — 1 are even integers which give different residues 
mod 4 hence f(m +n) + f(mn — 1) = 0 while f(m)f(n) = 0, too. If 
one of m,n is odd and the other even then m + n, mn — 1 are both 
odd hence f(m + n) + f(mn — 1) = f(m)f(n) = 0. Finally if m,n 
are even then f(mn — 1) = 0 and we have f(m +n) = 1 if 4m -n 
and —1 otherwise, and the same for f(m)f(n). If f(1) = —1 then 
we get f(n) = (n — 1)mod3 — 1 for all n by induction on n. It also 
satisfies the condition as we can check by looking at m,n modulo 3. If 
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f1) = 2 then f(n+ 1) — 2f(n) + f(n —1) = 0 and f(n) =n +1 by 
induction on |n|. It also satisfies the condition as (m +n + 1) + mn = 
(m+1)(n +1). If f(1) = 1 then we have f(n+1)+ f(n—1) = f(n). 
So f(—2) + f(0) = f(-1) so f(-2) = -1. Then f(-3) + f(-1) = 
#(-2) so f(-3) = -1. Ti + f(-2) = F(-3) 80 f(-4) = -2. 
Also f(0) + f(2) = f(1) so f(2) = 0. But then f(2) + f(—4) Æ 0, 
contradiction. If f(1) = —2 then f(n+1)+ f(n—1) + 2f(n) = 0 
and f(—2) + 2f(—1) + f(0) = 0 so f(—2) = —1 and then f(—3) + 
2f(—2) + f(—1) = 0 so f(—3) = 3 and we have f(—3) + f(1) 4 0, 
again contradiction. Finally if f(1) 4 0,1, —1,2,—2 then the equation 
ftv f?(1)—-4 
2 


x? — f(1)z +1 = 0 has two solutions , one of which is 
greater than one in absolute value and one is smaller. If we solve the 
recurrence we find that f(n) = cr” + ds” where c,d 4 0 and without 
loss of generality |r| > 1,|s| < 1. In this case we have f(n) ~ cr” 
for n > oo. Then f(m+n) + f(mn — 1) = f(m)f(n) cannot hold 
because the left-hand side is asymptotically equivalent to cr””~t for 
m = n — oo while the right-hand side is asymptotically equivalent to 


ert and mn — 1 is much bigger than m +n. 


Problem 15.Find all functions f: Z — Z that verify 
f(f(K+1)+3) =k 


Solution. Let us start by noting that f is injective, as if f(m) = 
f(n) then plugging k = m—1,n—1 we get m =n. Therefore if we set 
k = f(n) we get f(f(f(m) + 1) +3) = f(n) and the injectivity implies 
f(f(n) +1) +3=nor f(f(n) +1) =n-3. By plugging k =n — 3 in 
the condition we get f(f(n — 2) +3) = n — 3 and the injectivity gives 
us f(n—2)+3 = f(n)+1 so f(n) = f(n—2)+2. From here we deduce 
that if f(0) = a, f(1) = b then f(2n) = 2n + a, f(2n + 1) = 2n + b. 
Also from the given condition f is surjective so a and b have distinct 
parities and we encounter two cases: 

a) ais even and b is odd. Plugging k = 2n we get f(f(2n+1)+3) = 
2n or f(2n+6+4+3) = 2n so 2n +b+3 +a = 2n hencea+b+3=0. 
Plugging k = 2n—1 we get f(f(2n)+3) = 2n—1 or f(2n+a+3) = 2n—1 
so 2n +a +2 +b = 2n — 1 and again a +b + 3 = 0. Conversely, if 
a+b+3 = 0 the f defined by f(2n) = 2n +a, f(2n + 1) = 2n +b 
satisfies the condition. 

b) a is odd and b is even. Then plugging k = 2n we deduce f(2n + 
b + 3) = 2n so 2n + 2b + 2 = 2n hence b = —1 which contradicts the 
evenness of b. 


To conclude, all solutions are given by f(2n) = 2n +a, f(2n + 1) 
2n + b where a us even, b is odd anda+6+3=0. 


Problem 16. Find all functions f: N — Z verifying f(mn) = 
f(m) + f(n) — f(ged(m, n)) 

Solution. Again we smell some dependency between f and the 
prime decomposition of n. Let’s set m = p*,n = p',k < L where 
p is some prime. Then f(p**') = f(p*) + f(r) — fr) = fo), 
so whenever t < 2k we deduce f(p') = f(p*), and from this rela- 
tion we immediately get f(p*) = f(p) for any k > 0. Next consider 
two coprime numbers m,n. Then f(mn) = f(m) + f(n) — f(1) and 
we easily deduce the more general version f(mim2...m) = f(m) + 
f(me)+...+f (me) —(k-1)f(1) when m1, Mmo, ..., Mp are pairwise co- 
prime. Particularly if n = []/", p% (p; are distinct primes) then f(n) = 
in f (pi) —(m—1) f(A) = Xi fps) — (m1) f (1). A more comfort- 
able setting is obtained if we work with f(x) — f(1). Indeed, if we de- 
note g(x) = f(x) — f(1) then we get f(x) = >/,, 9(p) + f(1) where the 
sum is taken over all prime divisors of n. It’s straightforward to check 
that this function satisfies the condition: Ifm = iM eae pr Ii qg”, n= 

j „ji 


l ; ced : 
ar Li- g’ where p;, qi, ri are distinct primes and k;, Mi, Ji, ni > 0 


then ged(m,n) = We." and we have f(mn) = 5%, f(p:) + 

Dia fa) + Dh fr) +O = Eh foe) + Xia taS) 4 

Dia Ke ; Dia f(a) +O- (Eia FG) + FD) = Fm) + f(r) - 
gca(m, 7)). 


Problem 17.Find all surjective functions f: N — N such that m|n 
if and only if f(m)|f(n) for any m,n € N. 


Solution. f is actually a bijection, as if f(k) = f(l) for k < l then 
f(DIJ(k) so l|k impossible. Since 1 divides every number, f(1) = 1. 
Now we also see that f(n) has as many divisors as n because f pro- 
vides a bijection between the set of divisors of n and the set of divisors 
of f(n). Next, let’s prove that f is multiplicative. If (m,n) = 1 
then (f(m), f(n)) = 1 because if f(e) = d|(f(m), f(n)) then elm, eln 
soe = 1. Hence if (m,n) = 1 then f(m)|f(mn), f(n)|f (mn) so 
f(m)f(n)|f(mn). As f(m) has as many divisors as m, f(n) as many di- 
visors as n and f(m), f(n) are coprime, f(m)f(n) has as many divisors 
as mn, hence f(mn) = f(m)f(n) thus f is multiplicative. Now if p is 
prime then f(p) must also be a prime, and the converse is also true, so 
f is a bijection on the set of all prime numbers. We prove that if n is a 
prime power then f(p) is a prime power of the same exponent. Indeed, 
we’ve just proven the basis. Now if we have proven that f(p*) = q*, 
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then g*|f (ptt) so f(p*t!) = q*t"M where M is a number coprime to 
q. As f(p**') has k + 2 divisors, we must have (k + r+ 1)t =k +2 
where t is the number of divisors of M. If t > 2 then this is impossible. 
Sot=1,M=landk+r+1=k+2 hence f(p*t') = q**! as desired. 
Now using the multiplicativity of f we deduce f(T] p*) = [| ¢ where 
qi = f(pi). Any f defined by this relation and by a bijection on the 
set of primes clearly satisfies the relation, and so this is the form of all 
solutions. 


Problem 18. (ISL 2001)Find all functions f: N — R that satisfy 


f(p,9,7) =0 
if pgr = 0 and 


f(p,q,r) = 1+Š(f(p+1,q-1,r)+f(p-1,q+1,r)+f(p—1,q,r+1)+ 


+f(p+1,q4—1,r)+ f(p,q4+ 1,r—1)+ f(p,q—1,r+1)) 
otherwise. 


Solution. It’s clear that the second most important condition com- 
putes f(p,q,r) in terms of f(p+1,q—1,r) etc. and the sum of coordi- 
nates remains the same: if p+q+r=s then (p+1)+(q—-1)+r=s 
etc. This implies that it suffices to compute f on each of the planes 
p+q+r = s, as the conditions take place within this planes. Also the 
fact that f(p,q,r) = 0 when pqr = 0 may suggest that f(p,q,r) = kpqr. 
So let’s try to set f(p,q,r) = kpgr. Then #(f(p+1,¢—1,r) + f(p—- 
1,q+1,r)+ f(p—1,q,r +1)+ f(p+1,q—1,r)+ f(p,q+1,r =e 
f(p,q—1,r+1))—f@,a7r) = rlre e= 
Dar —1) +p- Iar tta = DAt tr — 1) — 6pgr) = 


E (6pqr + 2p + 2q + 2r — 6pqr) = k(p+q+r) sok = ae So we 
have found a solution f(p,q,r) = aes and we try to prove now it’s 


unique. As it satisfies the condition, it suffices to show that the val- 
ues of f may be deduced inductively on each (x,y,z). Indeed, we can 
perform an induction on s? — (x + y + 2)*. When it’s zero, the con- 
dition follows from the condition as two of the numbers must be zero. 
Now assume we have proven the claim when the minimal number is 
s? — (x +y +z)? < k and let’s prove it when the minimal number is 
s*—(x+y+2z)? =k+1. Without loss of generality x < y < z. If 
x = 0 we are done otherwise set p = x — 1,q = y,r = z+ 1. We 
see (p? + q? +r?) — (2? + y? +2?) = 2(z — xr +1) > 0 and so the 
induction assumption applies to (p,q,r). Moreover it also applies for 
(p—1,q+1,r), pala el) (p,q—1,r +1), (p, q4+1,r—1), (p+1,q+1,r) 
as it’s easy to check, because the sum of squares of coordinates of each 
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of these numbers equals p? + q? + r° plus one of 2(p — q + 1), 2(q — 
p + 1),2(q — r + 1),2(r — q + 1),2(p — r + 1), whereas the sum of 
squares of coordinates of x,y,z is p? +q? +r? + 2(r — p+ 1) and is 
clearly less than all the others, because p < q < r. So the induction 
assumption allows us to say f is computed on all points (p, q,r), (p — 
1,q,r +1), (p,q+1,r—1), oer th), (p—-1,q,r +1), (p+1,q-1,r) 
and writing the condition for (p, q,r) allows us to compute the value of 
f(p+1,q,r—1) = f(x,y,z). Therefore f is unique and it equals ee 
when (p,q, r) 4 (0,0,0) and 0 when p= q =r =0. 


Problem 19.Find all functions f: Z — Z that satisfy the relation 
fim +n) + f(m) f(n) = f(mn + 1) 


whenever m,n are integers. 


Solution. By setting m = n = 11 we get f(2) + f*(1) = f(2) so 
f(1) = 0. Now let m = 0 to get f(n) + f(0)f(n) = 0. Therefore either 
f(0) = —1 or f is identically zero. Excluding this trivial case we get 
f(0) = —1. Now take m = —1 to get f(n—1)+ f(—1)f(n) = f(1—n) 
so f(n — 1) — f(1 — n) = —f(—1)f (n) and we have two cases: 

a) f(—1) = 0. In this case we have f(—x) = f(x). Firstly let’s try 
to settle the unicity of f. Set f(2) = f(—2) = a. Then by setting 
m = 2,n = —2 we compute f(3) = f(—3) = a? — 1. Set m =2,n = —3 
to get f(5) = f(2)f(3) = ala? — 1). Set m = n = 2 to compute 
f (4) =a? —a?—a. Set m = 3,n = —3 to get f(8) = at — 2a”. Next by 
setting m = 4,n = —4 and m = 6,n = —2 we get f(15) = f?(4) -1= 
f (6)+f(8)f (2) which allows us to deduce that f(6) = a?+a?—1. Next 
by setting m = 2,n = 3 we get f(7) = f(5) + f(2)f(3) = 2a(a? — 1). 
Also by setting m = 4,n = —2 we get f(7) = f(2) + f(2)f(4) = 
a‘ — a? — a? +a. Thus we get 2a?(a? — 1) = at — a? — a? — a = 0 or 
a(a—1)(a+1)(a—3) = 0 so we have four values for a. Next we feel that 
all values of f can be determined from the value of a only. Indeed, let’s 
prove by induction on |n| that f(n) is uniquely determined by f(2) = a 
for each n. We see this holds true for any n with |n| < 8. Now assume 
this holds whenever |n| < k—1 and let’s prove it for n = k > 9 (n = —k 
is the same). We seek numbers 0 < z < u < v < y with r+y = k, £y = 
uv. Then applying the condition for m = z,n = y and m = u,n = v we 
get flx +y) + f(z) fy) = f(zyt+1) = fluv +1) = flutv)t+ flu)f) 
so f(k) = f(x +y) = flu+v)+ flu) f(v) — f(x) f(y) and we can easily 
prove that u,v, x,y, u+v < k so f(k) is determined and the induction is 
finished u+v < k = x+y because u+v -x-y = (u—z)+(v-y) = u— 
g+(@—*)=(u—2z)- volus) _ eae) < 0. Now if k = (2a+1)2° 


UL VX 
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for a > 0 then we can set z = 2, y = 2>*4a,u = 2+1 y = 2a. If k is 
a power of 2 then either k = 3p + 1 and x=1,y = 3p,u =3,v =p or 
k = 3p + 2 with z = 2, y = 3p, u = 3,v = 2p. 

So at most one f stems from each value of a. Surprisingly, each 
of them gives one value of f, so the general set of solutions is quite 
unexpected. Let’s analyze them one by one: 

i)a = 0. By substituting we get f(0) = f(3) = f(6) = —1, f(1) = 
f(2) = f(4) = f6) = f(7) = f(8) = 0. We guess the solution 
f(x) = —1 when z is divisible by 3 and f(x) = 0 otherwise. Indeed 
it satisfies the conditions: If both m,n are divisible by 3 we get the 
identity —1 + 1 = 0 as 3ļm + n but mn + 1 is not divisible by 3; if 
one of m,n divisible by 3 and the other is not we get 0 + 0 = 0 as 
neither mn + 1 nor m + n are divisible; finally if both neither of m,n 
is divisible by 3 the either they give the same residue mod 3, in which 
m+n and mn + 1 are not divisible by 3 and we get 0 +0 = 0 or they 
give different residues mod 3 which means m + n, mn + 1 are divisible 
by 3so1+0=1. 

ii) a= 1. By substituting we get f(2) = f(6) = 1, f(4) = f(8) = 
—1,f() = f(3) = f(5) = f(T) = —1 so we suppose f(4k + 2) = 
1, f(4k) = —1, f(2k +1) = 0. Indeed, if m,n are both odd then m+n 
and mn + 1 give the same residue modulo 4 as mn + 1- m-n = 
(m — 1)(n — 1) is a product of two even integers, so the equality holds. 
If one of m,n is odd and the other is even then mn + 1,m +n are 
both odd and again the equality holds. If both m,n are even then 
either they give the same residue mod 4 in which we have the identity 
—1+1=0 or they give different residues which implies 1 + (—1) = 0, 
again true. 

iii) a = —1. By substituting we get f(2) = f(4) = f(6) = f(8) 
—1,f(1) = f(3) = f(5) = f(T) = 0 so we guess f(2k) = —1, f(2k + 
1) = 0. Indeed, if at least one of m,n is odd then (mn+1)—(m-+n) = 
(m — 1)(n — 1) is even so the identity holds true, while when they are 
both even we get the true —1 + 1 = 0. 

iv) a = 3. We compute f(3) = 8, f(4) = 15 and so on, guessing 
f(x) = x? — 1. Indeed, (m +n)? — 14 (m° — 1)(n? — 1) = m? +n? + 
2mn — 1 + mên? — m? — n? +1 = mnr? + 2mn = (mn + 1)”. 

This case is exhausted. 

b) f(—1) # 0. Then we have f(n) = AD ee Therefore we 
get f(—n) = fey A, If we set a, = f(n) — f(—n) we observe 
by subtracting the previous two results the nice recursive identity a, = 
a(Qn—-1+4n41) where a = =T: We can write it as an41 = ban — ân—1 
where b = Z = —f(—1). Also aj = 0,a,; = b. Then ag = b? az = 
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b°—b, a4 = b*—2b", as = 6° —3b°+b and so on. Next f(n) = ==. Hence 
f(2) = 1, F(3) = b, f(4) = b? = 1, f(5) = b — 2, f(6) = bt = 31? + 1. 
Setting m = n = 2 we get f(4) + f?(2) = f(5) or b? — 1 +1 = b? — 2b 
so b? = b’? — 2b and as b Æ 0 we get b? = b + 2 so b = 2 or b = —1. 

i) b = 2. In this case we can guess the identity f(x) = a—1. It holds 
by induction as we prove that a, = 2n by induction (another proofs 
can be obtained by using the same unicity idea that we deduced in case 
a) ). Indeed f(x) = x — 1 satisfies the condition as (m +n — 1) + (m — 
1)(n—1) = mn = (mn +1) - 1. 

ii) b = —1. We compute that f(—1) = 1, f(0) = —1, f(1) = 0, f(2) = 
1, f(3) = -1,f(4) = 0, f(5) = 1, f(6) = —1. We conjecture that 
f (3k) = —1, f(8k + 1) = 0, f(8k + 2) = 1. Indeed, this can be either 
proven by showing inductively that b3, = 1, b3.41 = 0, b3k+2 = 1, or by 
using again the unicity idea after we verify that f satisfies our equation: 

3|m, 3|n then we get —1+1=0. 3]m,3|n — 1 or 3|n,3|m — 1 then 
we get 0+0 = 0. 3|m,3|n — 2 or 3|n, 3|m — 2 then we get 1+(—1) = 0. 
3|m—1,3|n—1 then 1+0 = 1. 3)m—1,3|n—2 or 3|m—2,3|n—1 then 
we get 0 — 1 = —1. 3|m — 2, 3|n — 2 then 0+ 1 = 1. All the identities 
are true so this function is indeed a solution. 

Concluding, we have plenty of different solutions: f(r) = x? — 
1, f(x) = x-1, f(x) = (x+1) mod 2, f(x) = x mod 3—1, f(x) = ((a+1) 
mod 2)(x mod 4+ 1), f(x) = (x mod 3)? — 1. 


Problem 20.Find all functions f: R\{0;1} — R satisfying 


1 2(1 — 2x) 


fe) + =) = Fae 


fe 
for all x in the domain of f. 


Solution. The condition links f(x) to f(;+) and only. Set g(x) = 
a> h(x) = g'(x) = 1-4. Using the condition we can establish a de- 


pendance only between f(x), f(g(@)), f(h(@)), Flg(g(@))), FM(R(@))), -- 


So we have to look at properties of g or h. We see that g(g(x)) = = = 


x 


1—1 = h(x) so g(g(g(2))) = z and we know f(x) + f(9(2)), f(g(e)) + 


f(g(g(x))), f(g(g(x))) + f(x). From here we can find f(x) by solving 


the linear system. We can do this manually by substituting into the 
condition, and we get f(x) = ztl, It satisfies the conditions because 


I 
we worked by equivalency. 


Problem 21.Find all functions f: R — R that satisfy 
f(-2) = -f (x) 
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for all real z; 


for all real x and 


for all non-zero x. 


Solution. All the conditions are in one variable: x. In this case, 
some graph theory helps us understand the path to the solution. Con- 
sider the reals as vertices of a graph, and connect x with x + 1, —2, L, 
The conditions link two values of the function in two vertices joined by 
an edge. So if we pick up a £o, we can deduce from f(x) the values of 
f on C where C is the set of numbers connected to 2) by some chain 
of edges. Now we can get a contradiction if and only if there is a cycle 
somewhere. So finding a cycle would impose a condition on f(xo) and 
maybe would exactly find the value of f(ao). So let’s try to construct 
such a cycle for any x. After some tries we see x > 1+ 1 — = 
ces epee eee = aH =i = = lees a TON Set f(x) = y. 


Then f(x + 1) = Y LI 7 ie f(-sn) T sea = 
ala, f(2H) = S, f(1) = E, f(e) = 22- y. Soy = 22- y 
thus y = x. Note that we need to have x 4 0, —1 in order not to divide 
by zero. This is no problem for us, as f(0) +1 = f(1) and we know 
that f(1) = 1 so f(0) = 0, also f(—1) = — f (1) = 1 hence f(x) = x for 
all x, and it satisfies the condition. 


Problem 22.Let f be an increasing function on R such that f(x + 
1) = f(x) +1. Show that the limit lim, .., 4 a(z) exists and is indepen- 
dent of x, where fn is f iterated n times. 


Solution. The clear properties of the function are that if x < y 
there is a k = [y — x] such that xr+k < y < x+k+1 hence f(x)+k < 
fly) < f(a) +k+1sok < fly)— f(x) < k4+1 hence y-— x - 
1 < f(y) — f(x) < y — z +1 It’s easier to set the independence. 
Indeed if for a fixed xo we have liins 2 = a then if |x — zo] =k 
we have [f(x) — f(xo)] = k from the above result and by induction 
falx) — fn(£0)| = k thus |fn(x) — fr(%o)| < |k| + 1 is bounded, hence 
limno fala) fato) = 0 so limno fate) =li ee) =q. 

Now let’s prove that the limit exists for some fixed x, say xz = 0. 
Let a; = f;(0),. Then we have proven above that |f,(x) — fely) = 
[x — y], particularly [fi,(ai) — fi(O)] = [ai — 0] hence [aitn — az] = [ai] 
SO ay +a; —1 < Qitk < ay + a; + 1. Now we prove that “ converges. 
Indeed, if n = km +r then we can deduce ma, + a,-—m—1 <a, < 
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Mak + dr +m+1 so Fax +ar— p — l< an < Ma +a,+ Zt 


hence ==% 4 wig A re i j a. Now choosing n 
sufficiently big such that |a,| < 7, r lead z t for all r = 0,1,2,...,k—1 


we ensure that |% — %| < ¢ hence all & starting from some position 
on belong to a closed interval J, of length less than z, The intervals 
Jy = LALAN... have non-empty intersection for all k because 
infinitely many “ belong to them, however their length tends to 0 and 
Jy C Jp_1 hence ‘their intersection is a single point, which then should 


be the limit of our sequence. 
Problem 23. Find all functions f: Qt — Qt that satisfy 
1 
fa) +f) = 


and f(1+2z) = A for all x in the domain of f. 


Solution. Let’s firstly try to guess the function. It’s natural to 


suppose f(x) = aa The condition f(x) + f(+) = 1 now translates as 

eat +t — 1 and we conclude that c = d. We can assume c = d = 1 
aytby 

otherwise divide a,b by c to see art) = = ae Next we need to have 

e + TE = | which is possible for a +b = 1. Now the condition 

f + 2x) = 1a) means Ao a = ean or a(1 + 2x) +b = ax + b 


a = 0 hence f(x) = = which satisfies the conditions. Indeed, if we set 
x = 1 we get 2f(1) = 1 so f(x) = 4. The hint here is that all the values 
of f are positive. So we try to prove that if f(x) in ae some of 
values of f should be negative. Indeed, set g(x) = f(x) — +. Then 
9(2) = —g(x),9(1 + 22) = 82. As g(x) +1 > 9(2)+ ay = f(z) > 0 
we see that g(x) > —1 and as re ) = —g(+) we deduce g(x) < —1 so 
|g(x)| < 1. Now the second condition can be rewritten as g(#5+) = 
2g(x) for x > 1. Now if g(x) = a £0 we find by induction the numbers 
Zn such that |g(x,)| = 2”a. We set to = x. Now assume we found 
zk- Then zk # 1 as g(1) = 0. If x, > 1 then (A) = 2g(x,) and 
we set p41 = ~. If £p < 1 then x= =1,9(+ -) = —g(xx) therefore 


ale : 1 
g(=5—) = —2g(x,) and we set £k} = zs . Then if we find k such 
that 2*|a| > 1 we obtain a contradiction. Thus g(x) = 0 for all x and 


F(z) = sa 


Problem 24.(China)Find all functions f: [1,œ0) — [1,00) given 
that 


f(z) < 20. + 2) 
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and 
af(z+1) = f?(x)-1 


for all x in the range of f. 


Solution. We can guess the solution f(x) = x +1 and now we 
try to prove this is the only. As in many other situations we assume 
that f(zo) # £o + 1 and try to obtain a x such that f(x) < 1 or 
f(x) > 2(1 +x). Indeed, we observe that zf (x+1) = f?(x)— 1 can be 


2 
: asi 
interpreted as a recurrence on a, = f(n+20) by an+1 = aoe 


= da _ (n+l+z0o)?b2—-1 _ 22 | b? —1 
now bn = n+1+20" Then bnyi = (n+a0)(n+2+20) bn 4 (n+2)(n+2+a0) ` If 


now by > 1 then we prove by induction that b, > 1 and then 6,4; > 0? 

which implies that 6, > 2 for some n hence f(n + zo) > 2(1 +n + 20), 

contradiction. If bọ < 1 then we prove by induction that b, < 1 and 

therefore bn+1 < 62 so bn < b?" so E > a However E = KREN < 

n+1+2+0 and as by <1, (5) > n+ 1+ zo contradiction. So bọ = 1 

hence f(xo) = zo +1. As zo was picked up at random, f(x) = 2+ 1. 
Another solution is as follows: 


We have 
f(z) = y zf( +1) +1 < y2r(z+2)+1< vV2(z+1) 
and it follows by induction that 
f(x) < 27 (x +1) 


foralln € N. Hence f(x) > x+1 which shows that f(x) =x2+1. It is 
easy to check that this function satisfies the conditions of the problem. 


. Consider 


Problem 25. Find all functions f :: No —> R that satisfy f(4) = 


F(2) + 2F() 
D- Gyan p-1Gp 


Solution. f(x) = cæ clearly satisfy the condition. Set f(1) = 
a and f(2) = b. It’s natural to try to prove that b = 2a. To do 
this, we have to compute some values of f. If S = {($)|n € N} = 
{0, 1,3,6, 10, 15,21, 28,...,} then f(x — y) = f(x) — f(y) for x,y € S. 
Now we can find f(3) = f(2)+ f(1) = a+b, f(4) = 2a + b, f(6) = 
2f(3) = 3(a + b), f(5) = f(6) — F1) = a + 2b, f(10) = f(6) + f(4) = 
4a + 3b, f(T) = f(10) — f(3) = 3a + 2b. If we continue like this, we will 
not find a contradiction, a fact that leads us to the conclusion that there 


forn >m™m 
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are more functions that satisfy the condition. If we look attentively at 
the list of computed value, we see that f(3k) = k(a + b), f(3k +1) = 
(A+ 1)a+ kb, f(3k +2) = ka+(k+1)b so we are led to looking at the 
residues of n modulo 3, and find another example g(x) = x mod 3 where 
we set 2 mod 3 = —1. It satisfies the conclusion because S does not 
contain numbers congruent to 2 modulo 3. So f(x) = cx + dg(x) also 
satisfies the conclusion. Now we can try to prove that this are the only 
solutions. Let c = 4 d = a and let h(x) = f(x) — cx — dg(x). It 
satisfies the conclusion and also h(1) = h(2) = h(3) =... = h(7) = 0. 
We need to prove that h(a) = 0 for all x. We do this by induction 
on x. Suppose that we have f(x) = 0 for all z = 1,2,...,n and let’s 


prove that f(n +1) =0. Firstly, as a — (7) = m we deduce that 


f((§)) = 0 for k < n +1, and we need to prove that f(("5")) = 0. 


It could be done if we would find k,x,y < n + 1 such that (7) — 
E = (3) — (2) then we are done. This relation is equivalent to 
k(2n +3 -— k) = (x — y)\(x +y — 1). Now let’s find a k < 3 such that 
3|2n +3 -— k. Then k(2n +3 -— k) = 3k(72=*) and 3k, 2+3 have 
opposite parities, hence we can set 27 = are + 3k, 2y = 2mt8-k3K. 
We only need to verify that x,y < n+ 1 (we could also have y < 0 but 
then (¥) = (~4*") so there is no problem here) which is equivalent to 
2n+4 > PEIE + 3k or 6n+12 > 2n+8k+3 or 4n+9 > 8k. Ask <3 
this is satisfied when n > 4. Since we have already f(1), f(2), f(3), f(4) 


zero, we are done. 


Problem 26. Find all continuous functions f :: R — R that satisfy 
f(l+a*) = f(x) 


Solution. Set g(x) = 1+ 27. As g is even we see that f(x) = 
f(g(x)) = f(—«) so f is even thus we need to find f only on [0; 00). 
Now we know that f(g.(x)) = f(x). Also g(x) is increasing and g(x) > 
x as 1+? >a forxz > 0. Set = 0 to get f(0) = f(1). Nest 
set £z = gk(0) so that zọ = 0,2, = 1. Then g maps |£k-1; £k] into 
[73 Te41] SO gy maps [0; 1] into [£k; 7,41]. As g(x) > 0 is increasing and 
g(x) > 1 we cannot establish any condition between f(x) and f(y) for 
0<zx< y< 1 because we cannot link x and y by operating with g: if 
gk(x) = gly) then as g(x) € (£k; Te41); giy) € (£1; 41) we conclude 
k = l and by injectivity x = y. Thus we may construct f as follows: 
define f a continuous function on [0; 1] with f(0) = f(1) and extend 
f to Rt by setting f(g,(x)) = f(x) and f(—x) = —f(x). Indeed f 
satisfies f(1+27) = f(x). Moreover it’s continuous: the graphs of f on 
[£k; Te41] are continuous as they are the composition of the continuous 
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functions f on [0;1] and Ge on [243 fei]. As f(£k) = f(€e41) the 
continuous graphs of f on intervals [x,; 7,41] unite to form a continuous 
curve, and reflecting it with respect to the y axis we get the continuous 
graph of f. 

Exercises 


Problem 27.Find all functions f: N — R which satisfy f(1) 4 0 
and 


PA) + PQ) +...4+ Pn) = fn)f(n +1) 


Problem 28.Find all functions f: N — R for which f(1) = 1 and 


> fd) =0 


d\n 


whenever n > 2. 


Problem 29.Find all functions f: N — N that satisfy f(0) = 0 
and 


fín) =1+ FED 
for alln € N. 


Problem 30. Let k € Z. Find all functions f: Z — Z that satisfy 
f(m +n) + f(mn—1) = f(m) f(n) +k 


Problem 31. Find all functions f: Z — Z that satisfy 
fim +n) + f(mn) = f(m) f(n) +1 


Problem 32.Find all functions f: Z — R satisfying 
fae +b +e) = Sa IUNE) 


whenever a,b,c € Z. 


Problem 33. Let f be a strictly increasing function on N with the 
property that f(f(n)) = 3n. Find f(2007). 


Problem 34. Find all functions f: N — N satisfying 
f(m+ f(n)) =n + flm+k) 
for m,n € N where k € N is fixed. 
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Problem 35. Let f,g: No — No that satisfy the following three 
conditions: 
i) f(1) > 0,g(1) > 0; 
ii) f(g(n)) = g(f (n) 
iii) f(m? + g(n)) +g 
iv) g(m? + pe = g9°(m) + f(n). 
n 


Problem 36.Find all functions f :: Qt — Q* that satisfy f(x) + 
f (2) =1and f(f(@)) = E. 


Binary (and other) bases 


Problem 37.Find all functions f: No — No such that f(0) = 0 and 
f(Qn+1) = f(2n)+1= f(n)+1 
for any n € Np. 


Solution. The statement suggests that we look at the binary expan- 
sion of f. As f(2n+1) = f(n)+1 and f(2n) = f(n) it’s straightforward 
to observe and check that f(n) is the number of ones (or the sum of 
digits) of the binary representation of n. 


Problem 38. (China)Find all functions f: N — N for which f(1) = 
1, f(2n) < 6f(n) and 


3f(n) flan + 1) = f(2n)(3f (n) + 1) 


f(Qn+1) _ 3f(n)+1 
fn) ~~ 8f(n) ? 
[EnO = -jy Thus f(2n+1)—f(2n) > 0 and 3f(n)(f(2n+1)- 
f(2n)) = f(2n). As f(2n) < 6f(n) we deduce f(2n + 1) — f(2n) < 2 
thus the only possibility is f(2n + 1) — f(2n) = 1 and f(2n) = 3f(n). 
We have already encountered this problem, whose solution is: f(n) is 
the number obtained by writing n in base 2 and reading the result in 


base 3. 


Solution. Rewrite the main condition as or 


Problem 39. (ISL 2000) The function f on the non-negative inte- 
gers takes non-negative integer values and satisfies f(4n) = f(2n) + 
f(n), f(4n+ 2) = f(4n) +1, f(2n4+ 1) = f(2n) +1 for all n. Show 
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that the number of non-negative integers n such that f(4n) = f(3n) 
and n < 2™ is f(2 


Solution. The condition suggests us look at the binary decomposi- 
tion of n. Firstly as f(4n) = f(2n) + f(n) we can easily deduce that 
f (2*) = Fpi, where (Fa)nen is the Fibonacci sequence. Indeed, set- 
ting n = 0 we get f (0) = 0 thus f(1) = 1, f(2) = 1. Now the conditions 
f(4n+2) = f(4n)+1 = f(4n) +2, f(2n +1) = f(2n)+1 may suggest 
some sort of additivity for f, at least f(a +b) = f(a) + f(b) when a 
do not share digits in base 2. And this is indeed the case if we look 
at some small particular values of f. So we conjecture this assertion, 
which would mean that f(n) is actually n transferred from base 2 into 
” Fibonacci base”, i.e. f(bp2*+...+00) = bg Fu4it...tbo. This is easily 
accomplished by induction on n: if n = 4k then f(n) = f(2k)+ f(k), if 
n = 2k+1 then f(n) = f(2k)+1 andifn = 4k+2 then f(n) = f(4k)+1 
and the verification is direct. 

Now as we found f, let’s turn to the final question. It asks when 
f(4n) = f(8n). Actually f should be some sort of increasing function, 
so we could suppose f(3n) < f(4n). Indeed this holds true if we check 
some particular cases, with equality sometimes. Now what connects 
4n and 3n? The condition says us that f(4n) = f(2n) + f(n) but we 
have 3n = 2n +n. So we can suppose that f(a+b) < f(a) + f(b) and 
look for equality cases. 

We work of course in binary. The addition of two binary numbers 
can be thought of as adding their corresponding digits pairwise, and 
then repeating a number of times the following operation: if we have 
reached a 2 in some position, replace it by a zero and add a 1 to the 
next position. (Note that we will never have digits greater than two 
if we eliminate the 2 at the highest level at each step). For example 
3+9 = 112+ 10012 = 10125 and then we remove the 2 to get 10202 and 
again to get 11002 = 10 so3+7 = 10. We can extend f to sequences 
of 0’s, 1’s and 2;s by setting f (bp, ..., bo) = be Pasi + br-1Fk +... + bo- 
Then we can see that if S is the sequence obtained by adding a and b 
componentwise (as vectors), then f(s) = f(a) + f(b). And we need to 
prove that the operation of removing a 2 does not increase f. Indeed, 
if we remove a 2 from position k and add a 1 to position k + 1 the f 
changes by Fk+2 — 2Fk+1. This value is never positive and is actually 
zero only for k = 0. So f indeed is not increased by this operation 
(which guarantees the claim that f(a+b) < f(a)+ f(b)), and moreover 
it is not decreased by it only if the operation consists of removing the 2 
at the units position. So f(a+b) = f(a)+ f(b) if and only if by adding 
them componentwise we either reach no transfer of unity, or have only 
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one transfer at the lowest level. Hence f(4n) = f(3n) if and only if 
adding 2n +n we can reach at most a transfer at the lowest level. But 
it cannot occur as the last digit of 2n is 0. So f(4n) = f(3n) if and 
only if by adding 2n and n we have no transfer i.e. 2n and n don’t 
share a unity digit in the same position. But as the digits of 2n are just 
the digits of n shifted one position, this is possible if and only if n has 
no two consecutive unities in its binary representation. So we need to 
prove that there are exactly f(2”*t') = Fm+2 such numbers less than 
2™. Let g(m) be this numbers. Then g(0) = 1, g(1) = 2. Now note that 
if n is such a number and n > 27! then n = 2”~!+n’ where n! < 2”~? 
(as it cannot have a unity in position m — 1 that would conflict with 
the leading unity), so we have g(m — 2) possibilities for this case. For 
n < 2™-1 we have g(m-—1) possibilities. So g(m) = g(m—1)+g(m—2) 
and an induction finishes the problem. 
Exercises 


Problem 40. (Iberoamerican)Find all functions f: N — R for 
which f(1) = 1 and 
f(Qn4+1) = fn) +1=3f(n)+1 
neN. 


Problem 41. (IMO 1978)Find all functions f: N — N that satisfy 
f(1) = 1, f(3) = 3 and 
f(2n) = f(n) 
f(4n +1) = 2f(2n +1) — f(n) 
f(4n+ 3) = 3f(2n +1) — 2f(n) 
for any n€ N. 


Constructing functions by iterations 


There is a class of functional equations, most of them on N, like 
f(f(x)) = g(x). They can be solved by constructing the ” orbits” of z: 
O(x) = (x, 9(x), g(g(x),...)) and investigating the relations determined 
by f on this orbits. This type of equations will be exemplified here. 


Problem 42. Show that there are infinitely many odd functions 
g: Z > Z for which g(g(k)) = —k,k € Z. 


Solution. We may set g(0) = 0. Then Z \ {0} can be divided into 
an infinite number of pairs (a1, —a1), (a2, —a2),... where a1, do,..., is 
some enumeration of N. We can then set glask) = G2p41, 9(@2r41) = 
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—a2k, 9(—G2r) = —a2k+1; 9(—G2n41) = a2% and check that the condition 
is verified. 


Problem 43.Find all functions f: N — N that verify 
f(f(n)) = an 


for some fixed a € N. 


Solution. If a = 1 then f(f(x)) so f is an involution and is obtained 
by paring all the natural numbers into pairs and mapping one element 
of a pair into another. Next, suppose a > 1. If f(x) = y then f(y) = 
ax, f(ax) = f(f(y)) = ay and we prove by induction on k the following 
statement: (*) f(a*x) = a*y, f(a*y) = a**t1x. Let S be the set of all 
numbers not divisible by a. Every natural number can be represented 
uniquely as a*b where b € S. Now let s € S and f(s) = a*t where 
t € S. If we set u = f(t) then using (*) we get f(a*t) = atu. But 
f(a*t) = f(f(s)) = as therefore a*u = as so as s is divisible by u we get 
either k = 1,u = s or k =0,u=<as. In the first case f(t) = s, f(s) = at 
and in the second case f(s) = t, f(t) = as. In any case, f maps one 
of s, t into another. Therefore S separates into pairs (x,y) that satisfy 
f(x) = y, f(y) = x, hence by (*) f(a*x) = a'y, flay) = atiz. It’s 
clear that all such functions satisfy our requirements. 


Problem 44. (Romanian TST 1991) Let n > 2 be a positive integer, 
a,b € Z, a € {0,1}. Show that there exist infinitely many functions 
f: Z— Z such that f (x) = ax +b for all x € Z, where fn is the n-th 
iterate of f. Show that for a = 1 there exist b such that f,(x) = ax +b 
has no solutions. 


Solution. The second part of the problem is already known for us 
when n = 2, n is odd, and the procedure is the same. If b = n — 1 
and we let a; = fi(0) (Gitn = a; + b), then for some 0 < i<j < 
n we have a; = a; (mod n), thus a; = aj + hb, hence dithn = Gj, 
and thus @r+an+i-j = ar for all sufficiently big r, which in turn as 
hn+i— j A O imply ar+4n(an+i-j) = ar Which contradicts the conclusion 
that ar4n(hn+i-j) = ar + (hn +7 — j). Actually with one more effort 
one can prove that f exists if and only if nJb. 

Now let’s turn to the first part, which seems more challenging but 
bear also some similarity to the simpler case a = 1,n = 2. Let g(x) = 
ax+b. Firstly consider the case a 4 —1 (it is special because g(g(x)) = 
x in this case, whereas in the general case |g,,(a)| tends to infinity for 
almost all x). We see that ga(x) = a(x — &) + —%. Particularly 


a—1 a—1 
this guarantees our claim that |gn(x)| tends to infinity for almost all 
b 


x, particularly for all z except maybe x = —, (if it’s an integer). 
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Now call C(x) = {x, g(x), ga(£), --., g9n(£),..-} the chain generated by 
x and call a chain maximal if it is not a proper subchain of another 
chain (to put it otherwise, if x # g(y) for some y € Z). We claim 
that maximal chains constitute a partition of N \{— }. Indeed, 
firstly pick up a number n 4 —.. Then n = g,(m) is equivalent to 
n=ak(m+—.)—-—4, or (a—1)n+b = a*((a—1)m+0). So take k be 
the greatest power of a dividing (a—1)n+6 and let s = aaa Then 
s is not divisible by a and moreover s — b is divisible by a — 1. Hence 


if we set m = sb +b then m is an integer and the equation g(t) = m 
has no solutions in N (because otherwise at = m — b = s so s — b is 


divisible by a). So C(m) is the desired maximal chain. Next, let’s prove 
that two distinct maximal chains do not intersect. If C(x) and C(y) 
intersect for x Æ y then gm(x) = gn(y) for some m Æ n. Without loss of 
generality m > n. Then as g is invertible on R we deduce gm—n(x) = y 
hence C (y) C C(x) contradicting the fact that C(y) is a maximal chain. 
Now consider all the maximal chains (there are infinitely many of them 
since every element x such that the equation g(y) = x has no solutions 
in N generates such a chain). We can group then into n-uples. Now we 
define f on each of the n-uples. Let (C (x1), C(2),...,C(an)) be such 
an n-uple. Then we define f(g.(2;)) = gz (2i41) for i = 1,2,...,n— 1 
and f(gi(@n)) = 9x+1(%1). Define also f(—4) = —4. f is seen to 
satisfy our requirements. 

Let’s investigate now the case a = 1. In this case, N \ {4} splits into 
infinitely many disjoint pairs (x, y) with x+y = b. Again we can group 
the pairs into n-uples and define f on each n-uple (21, y1),---, (Ln; Yn) 
BSF (ey) = tiy, f(y) = es for i = 1,2,...,n — 1 and f(n) = 
Yi, f(Yn) = zı. Define FÈ) = 8 if necessary. Again we see that f 
satisfies the conditions. 

Finally in both cases as we can group the chains or the pairs into n- 
uples in infinitely many ways, we have infinitely many such functions. 
It can be also proven that all functions with the desired property are 
of form we found. 


Exercises 


Problem 45. Let n € N. Find all continuous f: R — R that 
satisfy falx) = —x where fn is the n-th iterate of f. 


Problem 46.Show that there exist functions f: N — N such that 
f(f(n)) =n’, neN 
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Problem 47.Let f: N — N ne a function satisfying 
f(F(n)) = 4n— 3 


and 

f2) = gntl aot 
Find f(1993). Can we find explicitly the value of f(2007)? What 
values can f (1997) take? 


Approximating with linear functions 


There are some weird functional equations on N that seem untouch- 
able. But sometimes we can prove that they are unique. In this case 
guessing the function would be very helpful, and very often, the so- 
lutions are linear, thus it’s natural to try f(x) = cx. But sometimes 
c can be rational or even irrational, and we can have formulae like 
f(x) = [cx]. To overpass this difficulty, we write f(x) ~ cx meaning 
that | f(x) — cx| is bounded. Now we can guess c from the condition 
and then look at some initial case to guess the exact formula. The 
examples are given below. 


Problem 48.Find all increasing functions f: N — N such that the 
only natural numbers who are not in the image of f are those of form 
f(n) + fln+1),neNn. 


Solution. Firstly, let’s assume f(x) ~ cx. Let’s compute the ef- 
fective value of c. If f(n) = m then there are exactly m — n natural 
numbers up to m that are not values of f. Therefore we conclude that 
they are exactly f(1) + f(2),..., f(m — n) + f(m — n + 1). Hence 
f(m- n)+ fim- n+1) <m < f(ím-n+1)+f(m-n+2). 
Now as f(x) ~ cx we conclude m ~ cn so we get 2ce(m — n) ~ m or 
2c(e — 1)n ~ en which means 2c — 2 = 1 so c = 3. Hence we make the 
assumption that f(a) = [3a +a] for some a. Let’s search for a. Clearly 
f(1) = 1, f(2) = 2 as 1,2 must necessarily belong to Imf. Then 3 
does not belong to Imf hence f(3) > 4 so f(2) + f(3) > 6. Thus 
4 belongs to Imf and f(3) = 4. We continue to f(4) = 5, f(5) = 7 
and so on. So [ +a] = 1,[3 +a] = 2 which implies a € [—4;0). 
And we see that for any a,b in this interval, [32 + a] = [3x +b]. So 
we can assume a = —4 and infer f(n) = [254], and try to prove it. 


2 
Firstly we wish to show that [25+] satisfies the conditions. Indeed, 


[e] 4 [2D] = [3m] + 1+ [82] = 3n +1 by Hermite’s Identity, 


and we need to prove that the only numbers that are not of form “5 
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are those that give residue 1 to division by 3. Indeed, if n = 2k then 
[24] = 3k — 1 and if n = 2k + 1 then [25+] = 3k, and the conclusion 
is straightforward. 

The fact that f(n) = [24+] stems now from the inductive assertion 
that f is unique. Indeed, if we have determined f(1), f(2),..., f(m—1) 
then we have determined all f(1)+f(2), f(2)+f(3),..., f(n—2)+ f(n- 
1). Then f(n) must be the least number which is greater than f(n— 1) 
and not among f(1)+ f(2), f(2)+f(3),...,f(m—2)+ f(n—-1). This is 
because if m is this number and f(n) # m then f(n) > m and then m 
does not belong neither to m(f) nor to the set { f(n)+ f(n+1)|n € N}, 
contradiction. Hence f(n) is computed uniquely from the previous 


values of f and thus f is unique. 


Problem 49.(IMO 1979)Find all increasing functions f: N — N 
with the property that all natural numbers which are not in the image 
of f are those of form f(f(n)) +1,n € N. 


Solution. Again f is unique. If f(x) ~ cx then we conclude that 
m ~ c(m—n) where m = f(n) soc = Ê(c — 1) or e —-c-1=0 
so € = 1+5 ~ 1.618, the positive root of the quadratic equation. So 
we try to set f(x) = [cx + d| for some constant d. Now we compute 
f) = 1, f(2) = 3, f(3) = 4, f(4) = 6, f (5) = 8, and we can try to 
put d = 0, so f(n) = [en]. Let’s prove that it satisfies the hypothesis. 
If f(n) = m then m < en < m +1 so ©% < n < @. As i = 
c— 1 we get (c — 1)m <n < (c — 1)(m + 1) and so m is in Im(f) if 
an only if the interval (em; ecm + c — 1) contains an integer which is 
equivalent to the fact that {cm} > 2— c. And if f(f(n))+1=m 
then |[clen]] = m — 1 so [en] € ((m — 1)(c — 1);m(c — 1)) so n € 
((m—1)(c—1)?; m(c—1)?+(c—1)) = ((2—c)m+c—2; (2—c)m+c— 1), so 
n = [(2—c)m+c—1] = 2m—[c(m—1)]—2. Therefore m = f(f(n))+1 
if and only if the number n = 2m-—|c(m—1)] — 2 satisfies the condition 
f(f(n))+1=m. Set u = {c(m—1)}. Then n = (2—c)m+c—2+us0 
f(n) = [ce(2-—c)m+cu—2c+c?} = [(e—1)m+cu—c+]1] = [(e—1)(m— 
1)+cu] = [e(m—1) —m4+1+ cu] = c(m—1)—m+1+cu—- {u(e+ D}. 
Set s = {u(c+1)}. Then f(f(n)) = [c(e—1)(m—1)+ eu -— cs] = [mn — 
1+(c+1l)u—cs]. So f(f(n)) +1 = m if and only if 0 < (c+1)u—cs < 1. 
If t= u(c+ 1) € (0;1 + c) this is equivalent to t — c{t} € (0;1). When 
t < 1 this is false as the requested value is negative. When 1 < t < 2 we 
have t—c{t} =t—c(t—1) =c—(c—1)t € (0;1). When t > 2t—c{t} = 
t—c(t—2) = 2c—(c—1)t > 2ce—(c—-1)(c+1) = 2c-C?+1=c>1. So 


our condition is equivalent to t € (1; 2) or u € (sy; 44) = (2-6 4—2c) 
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so {cm — c} € (2 — c; 4 — 2c) or {cm} € {0; 2 — c} So this condition is 
equivalent to {cm} < 2 — c. 

Thus we see that the condition m = f(n) is equivalent to {cm} > 
2— c and the condition m = f(f(n)) +1 is equivalent to {cm} < 2— c. 
So these two conditions are complementary and the proof is finished. 

Exercises 


Problem 50.Find all increasing functions f: N — N such that the 
only natural numbers who are not in the image of f are those of form 
2n + fin) n eN. 


Problem 51.Find all functions f: N — N such that 


F(Fin)) + finti) =n+2 
forn eN. 


Problem 52. Find all functions f :: N — N that satisfy f(1) = 
and f(n +1) = f(n)+2if f(f(n) —n+1) =n, f(n4+1) = f(n) + 


otherwise. 


1 
1 
Extremal element method 


Problem 53.Find all bijections 
figh: NON 


for which 
fP(n) + g?(n) + h? (n) = 3ng(n)h(n) 


whenever n E€ N. 


Solution. f = g = h satisfies the condition. Next, by AM-GM 
we have f?(n) + g° é ) + h?(n) => 3f(n)g(n)h(n) with Saul if and 
only if f(n) = g(n) = h(n). Therefore f(n) > n with equality if and 
only if f(n) = g(n) = h(n) = n. The problem now follows clearly from 


the fact that f is a bijection: if f(a) = 1 then 1 > aso a = 1 and 
then equality holds so f(1) = g(1) = h(1) = 1. We then proceed by 
induction: if we have shown that f(k) = g(k) = h(k) =k fork <n 
then if f(m) = n+ 1 then n+ 1 < m (all numbers less than m are 
already occupied) but from the other side n + 1 > m hence equality 
holds and then we have f(n + 1) = g(n +1) = h(n+1)= n + 1, as 
desired. 
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Problem 54. Find all functions f: N — N such that 
fFF(n))) + FF (n)) + f(r) = 3n 


for alln € N. 


Solution. We shall show by induction that f(n) =n foralln € N. 

We have 

FFF O))) + FFG) + FO) = 3 
and therefore 

FFF) = FO) = FO) = 1. 
Suppose that f(k) =k for all k < n. It follows by the given condition 
that the function f is injective. This implies that f(m) > n for m >n. 
Hence 


f(n+1)>n+1, f(f(ntl)) > f(nt1)>n41 
and 
ffFa@t+))2fm+)2n+1. 
Summing up gives 
fF Fn + 1))) + fF(at 1)) + fn +1) 2 3(n + 1). 
On the other hand we have that 


FFF M+) + En) + finti) = 3n+1) 
and 
FEG n+ 1))) =fF@+Y=frn+Yant+1. 


Hence it follows by induction that 
f(n) =n 
for alln € N. 


Problem 55.(Ukraine) Find all functions f : Z — Ny for which we 
have 


6f(k +3) —3f(k +2) —2f(k +1) —f(k) =0 


Solution. This looks like a recurrence relation, but it’s not! Indeed, 
the first inconvenience is that we have f defined on Z, not on N, so 
computing f inductively would lead to induction in both directions, 
and the second is the 6 before f(k +3) which implies that if we would 
try to compute f inductively, we could obtain non-integer numbers. 
That’s why we must use another idea. As surprisingly the range of 
f is in N (not in Z like usually when functions are defined on Z), 
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we might try to use some of the properties of N that distinguish it 
from Z. A first that comes to our mind is that N contains a minimal 
element, and indeed as 6 = 1+ 2 + 3 this is the best idea. So let a = 
min{Imf}, f(z) =a. Then writing the conditions for k = x — 3 we get 
6a = 3f (x—1)+2f(x—2)+ f(x) > 3a+2a+a = 6a. So equalities hold 
everywhere thus f(x—1) = f(x—2) = f(x—3) =a. A straightforward 
induction now shows that f(y) = a whenever y < x. Another simple 
induction using the recurrence relation shows that f(y) = a for y > x 
(the conditions written for k = x — 2 gives us f(x +1) =a and so on). 
It’s clear that constant functions satisfy our claim. 


Exercises 


Problem 56. (IMO ’1977). Let f: N — N be a function such that 
f(n+1) > f(f(n)) for alln € N. Show that f(n) =n for alln € N. 
Problem 57. (BMO ’2002) Find all functions f: N — N such that 


2n + 2001 < f(f(n)) + f(n) < 2n + 2002 
for alln € N. 


Multiplicative Cauchy Equation 


Problem 58. (IMO 71990) Construct a function f: Qt — Qt such 
that 
yf (efly)) = f(z) 
for all z,y € Qt. 


Solution. Let f be a function with the given properties. Then 
setting x = 1 gives yf(f(y)) = f(1). Hence the function f is injective 
and from f(f(1)) = f(1) we get f(1) =1. Thus 


yf (f(y) = 1. (1) 
Now replacing x by ry and y by f(y) in the given identity gives 
f(xy) = f(x) f(y). (2) 


Conversely, it is easy to check that any function f: Qt — Q* satis- 
fying (1) and (2) satisfies the given condition as well. 
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It follows by (2) that 1 = f(1) = f(y)f G) and using (2) again we 


get that f @ = Fa) This shows that if the function f is defined 
y 


f(y) 


on the set P of the prime numbers then it has a unique continuation 
on Qt given by: f(1) = 1; if n > 2 is an integer and n = p,™ ... pp? 
is its canonical representation as a product of primes then f(n) = 
(F(p1))°"(F(B2))? -- F (pe); ifr = = € Q? then f(r) = To If 
moreover f satisfies (1) for all p € P then one checks easily that (1) 
and (2) are satisfied for all z,y € Qt. 

Hence we have to construct a function f: P — Q* which satisfies 


(1). To this end let pı < p2 < ... be the sequence of prime numbers. 


1 
Set f(pan—1) = Pon and f (pon) = for all n > 1. Then it is obvious 
P 


2n—1 


1 
that f(f(p)) = — for all p € P, i.e. the identity (1) is satisfied. 
P 


Problem 59. (IMO ’1998) Consider all functions f: N — N such 
that 
f(n?f(m)) = mf?(n) 
for allm,n € N. Find the least possible value of f(1998). 


Solution. Let f be an arbitrary function satisfying the given con- 
dition. Set f(1) =a. Then setting n = 1 and m = 1 gives f(f(m)) = 
a’mand f(an?) = f?(n). Then f?(m) f?(n) = P (m) flan?) = f(m f(f(an*))) = 


f(m?a3n?) = f?(amn), ie. f(m)f(n) = f(amn). In particular, 
f(am) = af(m) and therefore 
af(mn) = f(m)f(n). (1) 


We shall prove that a divides f(n) for alln € N. Let p be a prime 
number and let a > 0, 8 > 0 be the degrees of p in the canonical 
representations of a and f(n), respectively. It follows by induction 
from (1) that f*(n) = a*-!f(n*) for all k € N. Hence k8 > (k—-1)a, 
which implies that 6 > a. This shows that a divides f(n). 

Set g(n) = Hn) 


———. Then g: N — N satisfies the conditions 
a 
g(mn) = g(m)g(n) (2) 


g(g(m)) =m (3) 
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for allm,n € N. Conversely, given a function g with the above prop- 
erties then for any a € N the function f(n) = ag(n) satisfies the given 
condition. 

Setting m =n = 1 in (2) gives 


g(1) = 1. (4) 
No we shall prove that g(p) € P for allp € P. Indeed, let p € P and 
g(p) = uv. Then it follows from (3) and (2) that p = g(g(p)) = g(uv) = 
g(u)g(v). We may assume that g(u) = 1. Hence u = g(g(u)) = g(1) = 
1 and therefore g(p) € P. Now let n > 2 and n = p,™... pp% be the 
canonical representation of n as a product of prime numbers. Then it 
follows from (2) that 


g(n) = g™ (p1)-.- 9°* (pk). (5) 

Hence we have proved that any function f: N — N with the given 

property is uniquely determined by its value f(1) and a function g: P —> 

P such that g(g(p)) = p, i.e. by a pairing of the set of prime numbers. 

We shall show now that the least possible value of f(1998) is 120. 
We have that 


f(1998) = f(2.3°.37) = f(1)g(2)9°(3)9(87). 
Since g(2), g(3) and g(37) are different prime numbers it follows that 
g(2)9°(3)9(87) > 3.23.5 = 120, 
i.e. f(1998) > 120. To construct a function f satisfying the given 
condition and f(1998) = 120 set a = f(1) = 1, g(2) = 3, g(3) = 
2, g(5) = 37, g(37) = 5 and g(p) = p for all prime numbers p # 


2, 3,5,37. Then g(g(p)) = p for all p € P and as we said above these 
data determine uniquely a function f: N — N with desired properties. 


Substitutions 


Problem 60.Find all functions f :: R — R such that 
Fety) =J= y)= fæ) y) 


Solution. Set x = y = 0 to get f?(0) = 0 so f(0) = If we 
set y > —y we get f(x Da f(e+y) = fe)f(-y) = He) f (y). 
Particularly f(y)f(—y) = a f(-y)? = -f (y) f (y) so fly \(F(y) + 


f( 
F(—y)) = F(u) (u) + x y)) = 0, so either f(y) + f(—y) = 0 or 
f(y) = f(-y) = 0 and again f(y) + a y) = 0 thus f is odd. Now set 


31 


y = T so get f(2x) = f(x)’. Then f(—2x) = f(-x)? = f(x)’ = f(2z). 
As f(—2x) = —f(2x) we deduce f(2x) = 0 and f is identically zero. 


Problem 61.(Vietnam 1991)Find all functions f :: R — R for 
which 


AI 


1 1 
af (zy) + af (22) = f(z) f (yz) > 


Holatini, Ifweset z = y= 1 the condition is equivalent to —(f(1)— 
2 > 0 possible only for f(1) = 4. Next set y = z = 1 to get f(x) — 
(x) > 480 f(z) = 5. Set y = z = 7,2 # 0 s0 get f(1)— f(x) f(z) = 
. But f(x) > fd) a fO) =} so f(1) — f(a) f(4) > 1. Thus 


Alen IGN 
= Rare 


z2 ) 

Equalities holdand.t (o )= į for z #0. Next set y = z = 0, z £0 to 
get f(0)— $f(0) > 4 so f(0) < $. As we have proven f(x) > $ we get 
f(0) = 3. So f(x) = 4 which satisfies the condition. 


Problem 62. Find all functions f: R — R that are continuous in 
zero and satisfy f(x + y) — f(x) — f(y) = zylx +y) 


Solution. We can guess the solution = thus g(x) = f(x) — Žž 
is additive. Now we claim f(x) = cx for c = f(1). Indeed, assume 
that d = f(t) # ct. If t is irrational then we can find m,n € Z 
with |m + nt| < e for any € > 0. Then f(m + nt) = me + nd = 

c(m+nt) +n(d— ct). But now if we take € small enough we force n to 
be as big as we wish and thus |f (m + nt)| > n|d — ct| — ce increases to 


infinity which contradicts the continuity of f in 0. So f(x) = = an CT. 


Problem 63.Find all functions f :: R? — R which satisfy the fol- 
lowing conditions: 

i)f(£ +u, y +u) = f(x,y) +u 

ii) f(zu, yu) = f(x, yu 

Solution. Firstly according to ii) f(x,0) = f(1,0)x so f(x, 0) = cz 
for some c. Next according toi) f(x,y) = f(x—y,0)+y = ce(z—y)+y = 
cx + (1—c)y. Conversely, any function of form cx + (1 — c)y obviously 
satisfies the conditions. 


Problem 64. (Belarus 1995)Find all functions f :: R — R for 
which 


f(f@ty)) = f+ y) + fl) fly) xy 


Solution. Set y = 0 to get f(f(x)) = f(x) + f(0)). So f(x) = 
(1+-f(0))xz on Im(f). Substituting we get f(x) f(y)—ry = f(at+y)f (0). 
Set a = f(0). Now set x = —a,y = a to get a*f(—a) + a? = a? so 
f(—a) = 0. Therefore 0 € A hence f(0) = (1+ a)0 = 0 so a = 0. 
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Hence we get f(x) f(y) = xy. Hence for x 4 0 we have f(x) #0 and if 
we set g(x) = Ta) we get g(x)g(y) = 1 for all z, y. Keeping y fixed we 
get that g(x) = c is constant. Then c? = 1 so c = +1 hence f(x) =x 
or f(x) = —x. As f(x) =x on Im(f), f(x) = z is the only solution. 


Problem 65. Find all continuous functions f: R — R that satisfy 


fla) + FW) 
a ae 109570) 


Solution. We know that tan x satisfies this equation. Therefore if 
we set g(x) = arctanf(x) then g(x + y) = g(x) + gly) + 2kr. Asa 
multiple of 27 does not matter to us we can show in the usual way that 
g(x) = cx mod 2r and hence f(x) = tan cz. 


Problem 66. Let f,g be two continuous functions on R that satisfy 


f(z — y) = f(x) fy) + 9(2) gly) 
Find f, g. 


Solution. Set y = x to conclude that f(x)? + glz} = c = f(0). 
Particularly for x = 0 we get c? + g°(0) = c so c . 
set y = 0 to get f(x) = cf(x) + g(0)g(x) so g(x) = say f(x). Then 
P +P) = P(a)1+ GF) = Poa E) = a) s0 f(z) =¢ 
thus f(x) = +c and by continuity f(x) = c, gl£) = Vc—@ or g(x) = 
—V/c—c?*. We have left to investigate the case c = 1 in which case we 
get f(0) = 1,g(0) = 0, f?(x) + g?(x) = 1. This already suggests the 
sine-cosine formula. Indeed, let’s prove the sister” identity g(x — y) = 
g(x) f (y)—g(y) f(x). If holds for y = 0. Note that f?(a—y)+g?(a—y) = 
1 so g°(x—y) = (f?(x)+9°(2)) (Py) +9 (y))-(F@)F@)+9(2)9(y))? = 
(9(2) f(y) — gy) f(x))?. Thus g(x =y) = +£(9(2) f(y) — gy) f(@))- 


Suppose g(x — y) = —(g(x) f(y) — 9(y)f()) for some x,y. Let A be 
the set of such (x,y) and B be the set of (x,y) for which g(a — y) = 


g(x) f(y) — g(y)f(x). Then A,B are closed and ANMB = R? thus 
there is a point (u,v) which belongs to both A, B. Then g(u — v) = 
(glu) f(v) — gv) f (u)) = —(g(u)F(v) — g(v)f(u)) possible only when 
g(u—v) #0. If we interchange x with y we get that f is even. If we set 
y > —y we get f(x+y) = f(x) f(y)+9(x)9(—y) and analogously f(x -+ 

y) = a tf (y) + g(—2)g(y). Thus 9(x)9(—y) = g(y)g(—2)s0 g(—-y) = 
gy) ie ) if g(x) #0. If g(x) = 0 for all x we immediately conclude that 


f(a) =1. If g(vo) 4 0 then as f?(x9) +g(x6) = 1 = f(—20)? +.9(—a0)? 


we get gzu = +1 thus g is either even or odd. If g is even by setting 


y > —y we get f(x +y) = f(x) fly) +glx)gly) = f(x +y) and so f is 
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constant. If f is not constant then g is odd. We can now set y > —y 
to get f(a + y) + f(a — y) = 2f(x) f(y) and solve it by the familiar 
D’Alembert’s Equation (see the chapter ” Polynomial recurrences and 
continuity”), or we can proceed by another way. Set z = x — y. Then 
f(y) = f(@—z) = fla) fz) + glz)gl(z) = F(a) (F(@) Fy) + g(a) gy) + 
g(x)g(z) = P(x) fy)+f (a)g(x)gly). So g(x) g(z) = f(y) -f? (2) f(y) — 
f(x)g(2)9(y) = 97 (x) f(y) — f(x) g(a) gy) thus if g(x) # 0 we get g(x — 
y) = g(x) f(y) — f(x)g(y). Now if g(x) = 0 but there is a sequence 
Zn — x such that g(x,) # 0 we can conclude g(x — y) = g(x) f(y) — 
f(x)g(y) by continuity. Otherwise there is a non-empty open interval 
(a,b) on which g vanishes. Then if x € (a,b) we get f(x +r) = 
f?(x) — g(x) = f?(x) + g?(x) = 1 hence f (2x) = 0 thus on (2a; 2b) we 
have f identically 1 and g identically zero. Setting now y € (2a; 2b) 
we deduce f(x — y) = f(x) for all x thus if ju — v| < 2(b — a) we 
can find x and y1, y2 E€ (2a,2b) with u = z — y1,v = x — y2 hence 
f(u) = f(v) = f(x). We deduce from here that f is constant so f is 
identically 1 and g identically zero. If not, then we have proven g(x — 
y) = g(x) f (y)—f(x)g(y) for all z, y. Now set u(x) = f(x)+ig(x). Then 
u(x +y) = f(x) Fy) — g(@) ay) + ilg) FY) — F(e)a(y)) = u(e)uly). 
So u is multiplicative. Since it is also continuous we get u(x) = e** by 
using the lemma. Now as |u(x)| = y f?(x) + g?(x) = 1 we must have 


k € iR thus u(x) = e* and we conclude f(x) = cos ag, g(x) = sinaz. 


Problem 67.(Ukraine 1997)Find all functions f :: Q* — Q* such 
that f(z +1) = f(x) +1 and f(x?) = f(x?) 
Solution. From the first condition we conclude that f(a + k) = 
x) +k for k € N by induction on k. Assume that f(¢) =r. Then 
4 tkq) =a+kq so f((Ẹ + kq)*) = a? + 2kaq + k?q? for k € N. But 
- kq}? = 5 + 2pk + k?q? hence f((& + kq)?) = f() + 2pk + k?q? = 
+ 2pq + k’q?. So 2kaq = 2pk thus a = 7. The identity function 
clearly satisfies the condition. 


Problem 68.Find all functions f :: R — R that obey 
(z —y)f(a+y) —(e@+y)f(a — y) = 4ay(2? — y’) 


Solution. The substitution u = x +y, v = x — y is immediately seen 
and it simplifies our condition to u f(v) — v f(u) = uv(u? — v?). Now if 
we set v = 0 we get uf (0) = 0 for all u so f(0) = 0. Now if uv Æ 0 we 
divide by wv to get te) — ae = u? — v? hence Au Hv = a) for all 
u,v #0. Therefore al + x? = c for some fixed c and all x # 0. Then 
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f(x) = cx — x and this relation holds even for x = 0. We substitute 
to have u(cu — v?) — v(cu — u?) = uv — vu which is true. All solutions 
are therefore of form f(x) = cr — x°. 

Problem 69.Find all pairs of functions f,g :: R — R such that g 
is a one-one function and f(g(x) + y) = g(a + f(y)). 


Solution. As g is injective, g(x) + y = g(z) + t implies x + f(y) = 
z+ f(t). This can be written as f(y + g(x) — g(z)) = fly) +z- z. 
Leaving y and x constant we deduce that f is surjective. Then so is g, 
as seen from the main condition. Then picking up zo with g(zo) = 0 
we get f(y+g(x)) = f(y) +2—%. But f(y+g(x)) = glx + f(y). So 
g(a+f(y)) = x+ f(y)— zo and then g(x) = x— zo. Hence f(a+y—z) = 
x+ f(y) — zo and if we set y = 2 we get f(x) = x + f(z) — zo. We 
conclude that both f,g are of form f(x) +c. Indeed all such pairs of 
functions satisfy the problem. 


Problem 70.Let g: C — C be a given function, a € C and w the 
primitive cubic root of unity. Find all functions f :: C — C such that 


f(z) + flwz + a) = g(2) 


Solution. Let h(z) = wz +a. Then f(z) + f(A(z)) = 
h(h(z)) = w(wz +a) +a = wz + (w+ Da, h(h(h(z))) = 

l)a)+a = wz+(w°’+w+1)a = z. Therefore h(h(h(z))) 

f(h(z)) = g(2), SAE) + SAAE) = IAE), FAE) + F) = 
f(h(h(z))) + f(R(A(A(z)))) = g(h(h(z))). If we solve the obtained 

non-singular linear system in f(z), f(f(z)), fC (z))) we get f(z) = 

ole) rote (wi Da)-glwz+a) and similar expressions for f(h(z)), f(h(h(z))). 
As the system is non-singular, this f satisfies the condition. 


Problem 71.Find all functions f :: Ro —> Ro that satisfy the con- 
ditions 

i)F(@f(y)) Fy) = f(x +y) for x,y > 0 

ii) f(2)=0 

iii) f(x) > 0 for x € [0; 2) 

Solution. Setting y = 2 into i) we get f(x+2) = 0 so f is identically 
zero on [|2;o0). Thus f(x) = 0 if and only if x > 2. Now consider a 
fixed y < 2. From condition i) we deduce that f(xf(y)) = 0 if and 
only if f(x + y) = 0, or f(y) > 2 if and only if x +y > 2. Hence 
if x < 2 — y then zf(y) < 2 so f(y) < 2. Taking x —> (2—y)_ 


x 


we deduce f(y) < aT But setting x = 2 — y we get r+y = 2 so 


xf(y) > 2 and f(y) > 2= = We conclude that f(y) = cam Indeed 
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the function f with f(x) = 0 for x > 2 and f(x) = = otherwise 


satisfies the ones. if y > 2 this is trivial and if y < 2 we need 


to check f(#% as xy = fæ +y). Ife > 2—y then “= > 2 and 


pans oada ee the He Ifs <2—y then < 2 so 
iG.) = = =F and z +y < 2 so f(x +y) = ET and so we get the 


identity os 3 2 


= , which is true. 
x—-y 2—x-y 


Problem 72.Find all functions f: R — R that satisfy 
f(f(e—y)) = fle) — Fly) + Fe) Fy) y 


Solution. By setting y = x we get f(f(0)) = f?(x) —2? thus f(r) = 
+/a?+d for any x where d = f(f(0)). d > 0 otherwise we couldn’t 
extract square root for x = 0. Now for x = 0 we get f(0) = +d and 
for x = f(0) we have f(f(0)) = V2d. So d = V2d which is possible 
for d = 0,d = 2. Now let’s consider y = x — 1. We get f(f(1)) = 
f(«)—f(w@—1)+ f(x) f(a—-1)—2(a—1). Consider x be sufficiently big. 
Then f(x) and f(x—1) have the same sign otherwise f(f(1)) = (f(x)— 
1)(f(@-1)—1)-2(@-1) < —x(x—1) as |f(@)|,|f(e—1)| > 1 thus f(x)— 
1, f(x — 1) — 1 would have the same signs as f(x), f(a — 1) so (f(x) — 
1)(f(@ — 1) — 1) would be negative. However |x(x — 1)| > |f(f())| = 
V1+ 2d for sufficiently big x, contradiction. Thus f(f(1)) = f(x) — 
fla —1)+ f(a) f(e@ — 1) — a(@—- 1) = (vr? +d — y(x — 1)? + d) + 
J (x? + d)((z — 1)? + d)) — x(x — 1). Now we use the identity a — 
b= t= to get Vr? +d — J/(x—-1)?+d = arene ~ © 

5 5 B d(2z?—2x+1) 
Va es d)((x = 1) d)) 7 x(x T 1) J (22 +d)((x—1)?)+d+z(x—1) sd 
Therefore when «x is sufficiently big right — handside ~ +1 + d so 
actually f(f(1)) = +1 +d. But f(f(1)) = +v1 + 2d, which holds 
only for d = 0, as v5 4 +1 + 2 which would hold for d = 2. So we 
have f(x) = +a. Now we prove f(x) = x. Indeed assume f(x) = 
—£9.t9 # 0. Then f(f(x — 20)) = f(x) — f(zo) + F(x) f (zo) — tzo = 
(f(x) — 1)(f(@o) + 1) — zzo +1 = (x — 1)(—29 + 1) — zzo + 1 or 
(—x—-1)(—%9 +1) —z29+1. But f(f(x — zxo)) € {x — z0, zxo— zx}. Thus 
{x—zxo, zo—x} {(x—1)(—xro+1)—zzo+1, (—x—1)(—xro+1)—xz£ro+1} = 
{—2%%9 + £ + £0, £o — x}, as the common value f(f(x — zo)) = f(x) — 
f (xo) +f (x) f (xo) —£2'0 belongs to both sets. Now the equalities r—zo = 
—2£Lo +£ + Lo, £ — Lo = Lo — L, £o —L = —2xX) +x + Xp are equivalent 
tox = 1, £ = Xo, £(£o— 1) = 0 which have at most one solution each for 
zo Æ 1, therefore for xo # 1 we have f(f(x — zo)) = zo — z, f(x) = —x 
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for all x except three values. However this is impossible: if we take 
x such that neither x nor x — x is among these three values then 
f(f(x—20)) = f(ao —x) = © — zo while we have f(f(x—20)) = £o- z. 
Contradiction. So f(x) = x for all #1. Finally if we set x = 3,y = 1 


we get 2= f(2) = (3) — F0) + fB) F0) -3 = 3 f() +3 f() -3 = 
2f(1) hence f(1) = 1. Thus f is the identity function. The identity 
function satisfies the condition. 


Problem 73. Find all functions f: Q — Q such that 
e+y,_ f(a) +fly) 
(= = 


2 
for all non-zero x,y in the domain of f. 


Solution. If we set 2x = y we get f(x) = PEt A2) for any x 


therefore f(27) = f(x). This suggest the fact that f is a constant 
function. Indeed, let S be the set of all integers k for which f(kxr) = 
f(x) for all x. Then we know that 1,2 € S. Also if a,b € S then 
3a—b E€ S (just set x — (8a—b)x,y — ber), and clearly if a,b € S then 
ab € S. Now we can prove by induction on |k| that k € S for all k € Z*. 
Indeed, 4 = 2-2 € S,-1=3-1-—4€ S, —2 = 3- (—1) — (—1) € S and 
the basis in proven. To prove the induction step, we have to show that 
every k with |k| > 3 can be written as 3a — b where |a|, |b| < k. Indeed, 
if we denote a = [E], b = —3{£} then k = 3a —b and |a| < |4| < k, |b] < 
2 < k. Thus Z* C S. Therefore if a,b € Q \ {0} and ¢ = 5 pq EZ 
then ga = pb f(a) = f(qa) = f(pb) = f(b) so f is constant on Q \ {0}. 
Also if x # 0 then setting y = 0 we get f($) = f@)+fO) which as 


2 


f(3) = f(x) implies that f(0) = f(x). So f in constant on Q and all 


constant functions satisfy the requirements. 


Problem 74. Find all polynomials P(x,y) € R?[x,y] that satisfy 
P(x +a,y+b) = P(x,y) where a,b are some reals, not both zero. 


Solution. Assume that b 4 0. Consider the polynomial R € R?[z, y] 
defined by R(x, y) = P(x + $y, y). Then we can tell P(x,y) = R(x — 
$y, y). So P(x +a,y +b) = P(x,y) can be rewritten in terms of R 
as R((x + a) — $(y+6),y+6) = R(x — $y,y) or R(x — $y, y + b) = 
R(x — $y, y). If we set x — x — Fy we get R(x, y) = R(x,y +b). Then 
by induction on n R(z,y) = R(z,y +b) =... = R(x, y+ nb). Set 
Q:(y) = R(z,y). Then Q,(y) = Qe(y +b) =... = Qx(y + nb) and 
taking n > degQ, we get Q, is constant so Q,(y) = Q.(0) = R(z,0). 
As R(z,0) is a polynomial in x, R is a polynomial in x so R(x,y) = 
Q(x) for some polynomial Q € R[x]. Then P(x,y) = R(x — Fy, y) = 
Q(x — $y) = Q(br — ay). Any such polynomial satisfies the condition, 
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as P(x +a,y+ 6) = Q(b(a + a) — aly + b)) = Q(bzr — ay) = P(z,y). 
If b = 0 then a 4 0 and we repeat the reasoning by replacing b with a 
and y with x to get again P(x,y) = Q(ba — ay). 


Problem 75. (ISL 1996) Find a bijection f: No — No that satisfies 
f(8mn +m +n) =4f(m) f(n) + f(m) + f(n). 


Solution. If we denote g(3k +1) = f(k) then the condition becomes 
g((38m + 1)(8n + 1)) = 4g(3m + 1)g(8n + 1) + g(8m + 1) + g(3n 4 
1). Next if we denote 4g(x) + 1 = h(x) the condition is rewritten 
as h((3m + 1)(3n + 1)) = h(3m + 1)h(3n + 1). Now we understand 
that we need to construct a multiplicative bijection of A into B where 
A= {3k + 1|k € N}, B = {4k +1 € N}. We can set h(1) = 1. Now 
consider U the set of all primes of form 3k — 1 , V the set of all primes 
of form 3k + 1, X the set of all primes of form 4k — 1, Y the set of 
all primes of form 4k + 1. All these four sets are infinite. So we can 
provide a bijection h between U and X and between V and Y. Now 
we extend it by multiplicativity to the whole A. We prove this is the 
required bijection. Indeed, assume that 3k + 1 = [[ p“ I] q” where 
pi E€ U,qi E€ B. Then p; are 1— mod 3, qi are 1 mod 3 so ` a; must be 
even. Then h(3k+1) = JJ h(p;)% [] h(q:)™ where h(p;) € X, hlg) E Y. 
As h(p;) is —1 mod 4 and h(q;) is 1 mod 4 but ` a; is even we conclude 
that h(3k + 1) is 1 mod 4 so h(3k + 1) € B. We can analogously 
prove the reverse implication: assume that 4k + 1 = |] p“ [] q” where 
pi E€ X,q, E€ Y. As p; are —1 mod 4 but q; are 1 mod 4 $` a; must 
be even. Then x = [[h-1(p,)* [[h-'(q)” satisfies h(x) = 4k + 1. 
Moreover as h~!(p;) are —1 mod 3, h~'(q;) are 1 mod 3 and Y` a; is even, 
we conclude that x is 1 mod 3 so x € A. Finally h is injective because 
of the uniqueness of the decomposition of a number into product of 

primes. 


Problem 76. (IMO 1999) Find all functions f: R — R such that 


f(z — f(y) = fF) + 2fly) + fle) - 
for all x,y E€ R. 


Solution. Setting z = f(y) in the given equation gives 


fla) = FE (1 


where c = f(0). On the other hand if y = 0 we get f(x —c) — f(x) = 
f(c) + ca — 1. Hence f(—c) — c = f(c) — 1 which shows that c Æ 0. 
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Thus for any x € R there is t € R such that x = yı — yo, where 
yi = f(t—c) y2 = f(t). Now using the given equation we get 


fie) =fm—y) =fy)+nmt+fm)-1= 


Opie ca ia ee 
= 5 + YY + 5 = 
4 \2 2 
_ W y2) E 
2 2 


2 
This together with (1) gives c = 1 and f(x) = 1-— = Conversely, it is 


easy to check that this function satisfies the given equation. 


Problem 77. Find all functions f: Rot — Ro? such that 


fy) flafy)) = f+ y) 
for all x,y € Ro’. 


Solution. Setting x = 0 gives f(0) f(y) = f(y). Hence f?(0) = f(0). 
If (0) = 0 then f(y) =0 for ally € Ro‘. Hence we may assume that 
f (0) = 1. We shall consider two cases. 

1. Let f(y) = 0 for some y > 0. Set a= inf{y >0: f(y) =0}. For 
any x > a there is y such that a < y < x and f(y) =0. Then 

0. 


f(x) = FFC- y) FY) = 
So, if a = 0 then f(x) = 0 for all x > 0. 
Suppose now that a > 0 and let 0 < y < a. For any € > 0 we have 
fu) f((at+e—y)fy)) = flat+e) =0. 
Hence (a+¢e-—y)f(y) > a since f(y) > 0. On the other hand 


(Sat) = f(a+e)f(y) =0 


E 
pan +y >a. Now letting € — 0 in the above two 


(y) 


inequalities gives f(y) = —* _ for any 0 < y < a. In particular 
a 


and therefore 


f (5) = 2 and setting £z = y = 5 in the given equation gives 2f(a) = 


f(a), i.e. f(a) = 0. 
2. Let f(y) > 0 for any y > 0. First we shall show that f(y) < 1 
for any y > 0. Indeed, assume that f(y) > 1 for some y > 0. Then we 


y 
f(y) 


set £ = in the given equation and get f(y) = 1, a contradiction. 
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The inequality f(y) < 1 together with the given equation shows that 
the function f is decreasing. 

Suppose that f(y) = 1 for some y > 0. Then f(x +y) = f(x) for 
any x > 0 and using the fact that the function f is decreasing we get 
that f(x) = 1 for all x > 0. 

It remains to consider the case when f(y) < 1 for any y > 0. Then 
the function f is strictly decreasing and hence injective. Now the iden- 
tity 


fff) = fet+y) = flefy) tyt ll- fy) = 


= f(xf(y)) f(y +21 — fy)))fF@fy))) 
implies that 
y = (y+ a(1— fy) f(@f(y)). 


A) =a we get that f(z) = 1 


ingy=1, zf(1) = 
Setting y , xf(1) ar Tc at+z 


for any z > 0. 
Thus all the functions we have found are the following: 


fe) =0, f(e)=1, f(z) =. 
1 for «= 0 
fte)={ 4 for x > 0, 
a 
j= aza for 0<x<a 
0 for x >a, 


where a > 0 is an arbitrary constant. It is easy to check that the first 
four functions are solutions of the problem. Now we shall show that 
the fifth function also gives a solution. 

If x,y > 0 and z +y < a then 


o qa az \ a a 
rrer = ot (| = = poy). 


Let x,y > Oandx+y>a. Then f(x+y) =0. Ify > 0 then 
f(y) =0. Ify < a then a > aand zf(y) > a. Hence f(xf(y)) = 0. 


Therefore in both cases we have 


f(wflafly)) =0= f(z +y). 
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Remark. The above problem under the additional conditions f(2) = 
0 and f(x) 4 0 for 0 < x < 2 is a problem from IMO 71986 and was 


solved before, the only solution being the function 


2 for 0<r<2 
nee T. 
fie) =4 2-2 e 
0 for x > 2. 
Exercises 


Problem 78. Find all continuous functions f: R — R that satisfy 
flay + Fy)e = (x +y) f) Fy) 


Problem 79. Find all continuous functions f: R — R for which 


f(a+y) —fl@—y) =2f(zy+1)-— fla) fly) - 4 


Problem 80.(ISL 2000)Find all pairs of functions f :: R — R that 


obey the identity 
f(a + g(y)) = xf (y) — yf (®) + g(x) 


Problem 81. If a > 0 find all continuous functions f for which 


f(a +y) =a" f(r) f(y) 


Problem 82. Find all continuous functions f: R — R that satisfy 
_ oy fle) + Fy) + 2f(@) FY) 
NE Af OD) 


Problem 83. Find all continuous function f-(a;b) — R that satisfy 
f(xyz) = f(x) + fly) + f(z) whenever xyz, x,y,z € (a;b), where 1 < 


aè < b. 
Problem 84. Find all continuous functions f: R — R that satisfy 
f(xy) = f(y) + yf (z) 


Problem 85.Find all functions f: Qt — Q* that obey the relations 
f(a+1)=f(a)4+1 


if x € Qt and 
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if x € Qt. 


Problem 86. Show that if f: R — R satisfies 
f(xy) = z f(x) + yf (y) 
then f is identically zero. 
Problem 87. Find all functions f: R — R that obey the condition 
FE) +y) = f(x? —y) +4f(a)y 


Problem 88.Let k € R*. Find all functions f: [0,1]? —> R such 
that the following four conditions hold for all x,y,z € [0; 1]: 


i ena Te 
f(x,y) = fly, x) 
Face Ww 
Hanian 


Problem 89. Find all continuous functions f: R — R that satisfy 
3f2x +1) = f(a) + 52. 


Problem 90. (Shortlisted problems for IMO ’2002) Find all func- 
tions f: R — R such that 


f(f(x) +y) = 22 + f(fly) — x) 
for all x,y € R. Problem 91. (Bulgaria, 1996) Find all functions 


f: R — R such that 


FE) + f(y) = «f(y + 1) 
for all z,y E€ R. 


Problem 92. (BMO ’1997 and BMO ’2000) Find all functions 
f: R — R such that 


Fafa) + fu) = Pa) +y 
for all x,y € R. 
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Problem 93. (USA, 2002) Find all functions f: R — R such that 


f(a? —y") = xf(x) —yfly) 
for all z,y E€ R. 


Fixed Points 


Problem 94. (IMO ’1983) Find all functions f: Rt — R* such 
that: 


() Faf) =yf(@) forall z,y € R*; 
(ii) lim f(z)=0. 


L— +00 


Solution. It follows from (i) that f({xf(x)) = xf(x) for all x > 0. 
Then it follows by induction on n that if f(a) = a for some a > 0 then 
f(a") =a” for any n € N. Note also that a < 1 since otherwise 

lim f(a”) = lim a” = +00, 
a contradiction to (it). 
On the other hand a = f(1.a) = f(1.f(a)) =af(1). Hence 


1= f(1) = f(a a) = f(a" f(a)) = af (a~), 
ie. f(a!) = a+. Thus we have (as above) f(a") = a™ for all 
n € N and therefore a7! < 1. 
In conclusion, the only a > 0 such that f(a) = ais a = 1. Hence the 
1 
identity f(xf(x)) = xf(x) implies that f(x) = — for any x > 0. It is 
z£ 


easy to check that this function satisfies the conditions (7) and (ii) of 
the problem. 


Problem 95. (IMO 71994) Let S be the set of all real numbers 
greater than —1. Find all functions f: S — S such that 


(i) flet+fy)+efy))=yt+fle)+yflz) forall z,y € S; 
iy $2) 


is strictly increasing in the intervals (—1,0) and (0, +00). 


Solution. If z = y > —1 we have from (7) that 


Fæ + (1+ x)f(x)) =x + (1+ 2)f(2). (1) 
On the other hand (ii) implies that the equation f(x) = x has at 
most one solution in each of the intervals (—1,0) and (0, +00). 
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Suppose that f(a) =a for some a € (—1,0). Then (1) implies that 
f(a? + 2a) = a? + 2a and therefore a? + 2a = a since a? + 2a = 
(a+1)?—1 € (-1,0). Hence a = —1 or a = 0, contradiction. The 
same arguments show that the equation f(x) = x has no solutions in 
the interval (0, +00). 

Then we conclude from (1) that x + (1 + x)f(x) = 0, ie. f(x) = 

a 


for any x > —1. It is easy to check that this function satisfies 


the conditions (i) and (ii) of the problem. 


Problem 96. (Tournament of the towns 71996) Prove that there is 
no function f: R — R such that 
f(f(«)) = 2? — 1996 
for any x E R. 


Solution. We shall prove the following more general result. 


Proposition. Let g(x) be a quadratic function such that the equa- 
tion g(g(x)) = x has at least three different real roots. Then there is 
no function f: R — R such that 


f(F(2)) = g(@) (1) 


for alla € R. 


Proof. The fixed points of g(a) are also fixed points of the forth 
degree polynomial h(x) = g(g(x)). Hence it follows by the given con- 
ditions that g(x) has one or two real fixed points. Denote them by x, 
and x2. Then h(x) has one or two real fixed points, different from x, 
and x. Denote them by x3 and 24. The identity 


Flg(x)) = FF(F(2))) = gf) 
implies that {f(x1), f(v2)} = {x1, v2}. On the other hand we have 


f(F(g(@))) = Fg Fle) and FFF (9@)))) = FFG F(@))), 


ie. f(h(x)) = h(f(x)). Hence {f(x3), f(x4)} € {£1, £2, £3, £4}. Sup- 
pose that f(x) =x, for some k € {1,2} andl € {3,4}. Then 


zı = h(x) = F(f (F (21)))) = F(gl(k)) = Fee) € {1,22}, 
a contradiction. Hence f(x3) = z3 if z3 = x4 and {f(x3), f(x4)} = 


{z3, x4} if x; # x4. In both cases we have g(x3) = f(f(z3)) = z3, a 
contradiction. Thus the proposition is proved. Turning back to the 
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problem we note that the equation g(g(x)) = (x? — 1996)? — 1996 = x 
has four different real roots since (x? — 1996)? — 1996 — xz = (x? — 1996 — 
x)(x? +x — 1996). 


Remark. Set g(x) = ax? + br + c. Then 
g(g(x)) — x = (az? + (b — 1)x + ¢)(a?2? + a(b + 1)xr +ac+b+1). 
Therefore the four roots of the equation g(g(x)) = x are equal to: 
1-b+VD 1-b-VD -1-b+VD—4 Pere ee ae eels Soe 
2a l 2a ? 2a 2a ? 


where D = (b — 1)? — 4ac. All these roots are real if and only if D > 4. 
If D > 4 then all the roots are different whereas for D = 4 one of them 


-+ 
is equal to and the other three are equal to Be 
a 


The proposition proved above says that if D > 4, then there are no 
functions f: R — R such that f(f(x)) = g(x) for all z € R. On the 
other hand if D = 4 then there are infinitely many continuous functions 
f: R — R satisfying the above equation. 


Additive Cauchy Equation 


Problem 97. (AMM 2001) Find all functions f: R — R if 


F? +y + fy) = 2y + #2) 
for all reals x, y. 


Solution. If we fix x then the right-hand side is surjective on R 
therefore f is surjective. Also if yı + f (y1) = ye + f(y2) then writing 
the condition for some x and y = y1, y2 the get 2yı = 2y2 thus + f(x) 
is injective. Thus for some c we have f(c) = 0. This implies f(c + y+ 
f(y)) = 2y. Pick up now two fixed a,b. Set c= b+ f(b) —a— f(a) > 0. 
If x > a+ f(a) then there is an u such that z = u? +a + f(a), £ + d = 
u2+b+ f(b). Then f(x) = 2a + f?(x), f(x +c) = 2b+ f?(x). Therefore 
we conclude that f(x +c) — f(x) = 2(a — b) for all sufficiently big z. 
This means that f(x +c) = f(x) +d for d = 2(b — a) and c + d = 
3(b — a) + f(b) — f(a) and from here f(x + nc) = f(x) + nd for all 
sufficiently big x and any fixed natural n. If d < 0 then f(a + nc) < 0 
for all sufficiently big n. However if r+nc > f (0) then x+nc = u?+f (0) 
and applying the condition for u and 0 we get f(x + nc) = f?(u) > 0 
contradiction. So d > 0. Then f(x+nc)+a+nc= f(x) +2+n(ct+d). 
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This means f(x) + « takes arbitrarily large values. Take now a y. We 
then get f((x +2)? +y + f(y)) = 2y + (f(x) +d)? for x > xp. Assume 
now that we have f(a+u) = f(x) for all sufficiently big x when u > 0. 
Then we get f((x + u) +y + fly) = f(a? +y + fly)). However 
we can choose x such that 2ru + u? = lc,l > 0 and then choosing y 
such that y + f(y) is big enough we have f((z + u)? +y + f(y)) = 
f(a? + 2ru + u? +y + fly) = f(x? +y + fly)) + ld contradiction. 
Consider now g(x) = x + f(x). Take a fixed s and z Æ y with g(a + 
s) — g(x) < gly +s) — gly). Then we have f(t + g(x +s) — g(x)) = 
f(t) + 2s, f(t + 9(y +s) — g(y)) = f(t) + 2s for all t > to and if we set 
z=t+g(rt+s)—g(s)),v = (g(y+s)—g(y))— (g(x +s) —9(z)) then the 
identity turns to f(z +v) = f(z) for all z > 0. As v > 0 we must have 
v = 0 as we have proven such a relation is impossible for v 4 0. Hence 
g(x +s) —g(x) = gly + s) — gly). As x,y were chose arbitrarily we 
conclude that g(a +s) — g(x) is independent of x thus glx +s)— g(x) = 
g(s) — g(0) so g(a + s) + g(0) = g(x) + g(s) thus h(x) = g(x) — g(0) 
is an additive function, hence so is f(x) — g(0) = f(x) — f(0). We 
then get f(x? + g(y)) = f(x?) + f(g(y)) — f(0) = 2y + f?(x) hence 
f(x?) — f(x) = 2y — f(g(y)). If we now fix y then we get f(x?) = 
f?(x) +e for fixed e hence f(x) > —e for x > 0. Hence f(x) — f(0) is 
additive and bounded below, and then using an already known problem 
we deduce f(x) — f(0) = rx for some r hence f = rx + s is linear. The 
condition f(x?) — f?(x) = 2y—f(g(y)) now implies rz?+s—(ra+s)? = 
2y—r((r+1l)y+s)—s or r(1—r)x*—2rsx—s? = (2—r(r+1))y—(r+1)s 
which is possible only when r(1 — r) = 2rs = 2 — r(r + 1) = 0. Then 
r=0 orr = 1. Ifr = 0 then 2—r(r+1) #0. Sor = 1 and then 
s = 0. So f is the identity function. It can be easily verified that the 
identity function satisfies the condition. 


Problem 98. Find all functions f,g,h: R — R such that 
fæ +y) = flx)gty) + hy) 


Solution. Set y = 0 to get f(x) = f(x)g(0) + A(0) so f(x)(1 — 
g(0)) = A(O) and either 1 — g(0) = 0 or f(x) = ty In the second 
case f is a constant then if we set f(x) = c we get c = cg(y) + Aly) 
and any functions g,h with h(x) = c— cg(x) satisfy the condition. So 
assume that f is not constant thus g(0) = 1 and h(0) = 0. Now set 
x = 0 to get f(y) = f(O)g(y) + Aly). Set f(0) = c. Then f(z) = 
cg(x) + h(x) so we substitute to get cg(a+y) +h(a+y) = cg(x)g(y) + 
h(x)g(y)+h(y). Symmetrize the condition to get cg(x+y)+h(x+y) = 


cg(x)g(y) + h(x)g(y) + hly) = cg(x)g(y) + hly)g(x) + h(x) therefore 
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h(x)g(y)+h(y) = hly)g(x)+h(x) hence h(x)(g(y)—1) = h(y)(g(x)—1). 
Now we distinguish some cases: 

a) g(a) = 1 for all x. Then the condition transforms to h(x + y) = 
h(a) + h(y) hence h is an additive function, f = h+c,g = 1 and we 
check that this functions indeed satisfy the conditions. 

b) h(x) = 0 for all z. Then the condition becomes cg(x + y) = 
cg(x)g(y) which implies that either c is zero so f = h = 0,g is any 
function, which satisfy the condition or c 4 0 and g is a multiplicative 
function while f = cg,h = 0, again satisfy the condition. 

c) There are £o, yo for which g(ao) 4 1,h(yo) # 0. If we set x = 
Xo, Y = Yo we deduce that h(xo)(g(yo) 1) Æ 0 so h(zo), g(yo) —1 are not 
zero. Now set y = yo and we get h(x)(g(yo) —1) = A(yo)(g(x) — 1) thus 
h(x) = (g(x) — 1) ee. If we set wes = d then h(x) = dg(x) — d. 
Thus our condition becomes (c+ d)g(a +y) —d = cg(x)g(y) + (dg(x) — 
d)g(y) + dg(y) — d = (c + d)g(x)g(y) — d hence either c+ d = 0 or 
g is additive multiplicative. In the first case we get d = —c so f = 
cg(x) — cg(x) + c = c, h(x) = —cg(x) + c which satisfy the condition. 
In the second case we get g a multiplicative function, h = dg — d, f = 
cg +h = (c+ d)g — d and again they satisfy the condition. 

We have exhausted all solutions. Note that we have used the terms 
"additive function” and ” additive multiplicative” function for the so- 
lutions because these function cannot be otherwise defined. In fact 
there are many different additive functions, even non-continuous, and 
the same with additive multiplicative functions (g(a) is additive mul- 
tiplicative then g(x) = g?($) so g(x) > 0. If g(ao) = 0 then g(x) = 
g(x —X0)g(xo) = 0, otherwise g(x) > 0 and then /n(g) makes sense and 
is an additive function). 


Problem 99. Prove that any additive function f on R* which 
is bounded from below (above) on an interval of R* has the form 
i (a) =7 eioralle € Rt. 


Solution. Set g(x) — f(1)z. Then g(x) is an additive function 
with g(1) = 0. It follows by induction that g(nx) = ng(x) for any 
x € Rt,n € N. In particular g(n) = 0. Moreover, for any k,l € N 

k k 

we have lg ($) = g(k) = 0, i.e. g (G = 0. Without loss of generality 
we may assume that there are constants c and d such that f(x) > cand 
f(1)x < d in an interval of Rt. Then the identity g(a + r) = g(x) for 
alx € Rt, r € Q* shows that g(x) > c—d for all x € R*. Hence 

g(nz c 
g(x) = ua 

n 


-d 
for any n € N, i.e. g(x) > 0 for any x > 0. 
n 
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This implies that the function g(x) is increasing since for z > y > 0 
we have g(x) = g(x — y) + gly) > gly). Now for any x € R” take 
r,s E€ Q% such that r > x > s. Then 0 = g(r) > gl£) > g(s) = 0 
which shows that g(x) = 0. 


Remark. Note that the statement of Problem 99 holds true if we 
replace Rt by R. Note also that any function which is continuous at 
a part or monotone in an interval of R*(R) satisfies the conditions of 
the problem. On the other hand there are additive functions that are 
unbounded in any interval of R(R*). 


Problem 100. (Tuymaada 2003) Find all continuous functions 
f: R* — R that satisfy 


for any x,y € Rt. 


Solution. Linear functions satisfy our condition, and we prove that 
only these do. If we replace y by z we can enhance the condition: 


1 1 1 1 1 1 
EE A ae E ER STREN ! T 


Now pick up a fixed 1 < y < C for some C > 1 and let x be sufficiently 
big. Rewriting the second two parts of the condition as 


1 1 1 1 
LEP OTE a a 
Now as f is continuous then f is uniformly continuous on la; 2C] hence 
for any desired € > 0 there exists an a > 0 such that | f(x) — f(y)| < € 
whenever x,y € (4; 2C], |z — y| < a. Thus taking r > maz{C, 7} 
we deduce that |f(; + 5) — fG)LIF(G +y) — fy)| < e. This means 


(F(E +y) -f+ i) — (f(y) - fy) < 2a and we have proven that 


limssoo f(z + y) — f(a + z. = f(y) - i) and the convergence is 
uniform on any interval [1; C] for y. Now any b > 0 can be written as 
y- z in a unique way for y > 1. Set g(b) = f(y) — fG): Then we see 
that g(b) = lim,... f(x + b) — f(x). It is from here pretty clear that 
gla+b) = g(a) + g(b) and since g is continuous we find that g(x) = cx. 
Now we can suppose that c = 0 otherwise take f(x) — cx instead of f. 
So we then have f(x) = f(+) and also lim,...(f(x + a) — f(x)) = 0 
uniformly for a € [0;C]. Now take y be fixed and let x — oo. The 


condition f(a + +) + f(y4 7 = f(x4 3 + f(y + +) is rewritten as 
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f(x ++) -— f(x + a = f(y + +) — f(y + a The right-hand side now 


tends to zero according to the limit result obtained just before, and the 
left-hand side tends to f(a + +) — f(x). Thus f(x ++) = f(z). This 


is enough to prove that f is constant. Indeed, let 1 < a < b. Consider 
To = Q, Yo = Dag = Ti + + Yiyi = yi + me As £ + 1 is increasing for 


x > 1 and also (x++)? > z?+2 we have x; < y; and 2;, y; grow infinitely 
large. Finally we can note that |x + 1 —y— zl < |x — y| for x,y > 1 
therefore |x; —y;| < |a — b|. Therefore limp_..o(f(%n) — f(yn)) = 0. But 
f(an) = f(a), flyn) = f(b). We conclude that f(a) = f(b) and this 


finishes the proof. 


Problem 101. (Sankt-Petersburg) Find all continuous functions 
f: R— R that satisfy 


F(f(@+y)) = f(x) + fly) 


Solution. We observe that f satisfies the equation if and only if 
f + c satisfies it, where c is any real. Therefore we can suppose that 
f(0) =0. Then by letting x = 0 we get f(f(x)) = f(x). Therefore f is 
the identity function on Im(f). We now try to prove f is the identity 
function, or f = 0. To do this, it suffices to prove that Im(f) = R or 
Im(f) = 0. Indeed, as f is continuous, we see that if f(t) # 0 then 
Im(f) contains the image of [0; t] under f which is an interval which 
contains zero. Without loss of generality f(t) > 0 otherwise assume 
work with — f. Let A be the set of all a for which [0; a] belongs to Imf. 
Let b = supA. If b < co then we may find c = f(x) such that c?ż. 
Then f(f(2x7)) = 2c > b therefore from the continuity of f we deduce 
[0; 2c] which contradicts the maximality of b. Therefore b = oo and 
R* belongs to Imf, and we are done after noting that 0 = f(f(0)) = 
f(f(x — «x)) = f(x) + f(—2) so f(—x) = — f(x). To conclude, f can 
be a constant function or a function of the form f(z) = a+a. A 
generalization of this equation comes next. 


Problem 102. Find all pairs of continuous functions f,g: R > R 
that satisfy 


f(x) + f(y) =g(@+y) 


Solution. We remark that f(x +y)+ f(0) = f(£)+ f(y) = glx +y) 
therefore f(x) — f(0) + f(y) — F(0) = f(@ +y) — FO) so f(x) — f(0) 
is an additive function, therefore f(x) = x + c for some c and hence 
g(x) = x + 2c. 
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Problem 103. Find all functions f :: N — N that satisfy 
f(m? + f(n)) = f(m)? +n 


Solution. It’s clear that f is injective as if f(nı) = f(n2) set 
n = ni, nz to get ny = ng. Therefore applying the condition and 
the injectivity of f we find that f(m,)? +n, = f(m2)? + ng if and 
only if m? + f(n,) = m3 + f(nz). This can be restated as: nı — ns = 
f(m)? — f(m)? if and only if f(n1) — f(n2) = m3 — m?. Particularly 
if x — y € S where S = {a? — b?|a,b E€ N} then f(x) — f(y) depends 
only on x — y so we can write f(x) — f(y) = g(a — y). But S consists 
precisely of those integer numbers that are not 2 mod 4 or +1 or +4 (in 
the latter two cases this would force a or b equal zero). If x—y = 1 then 
f(x) — f(y) = F(a) — fla@—-1) = fle) -f@+7t+fe+7)—fle-l)= 
g(—7) + g(8). If we set g(—7) + g(8) = a then f(z) — f(x —1) = a so 
f(x) =axr+b. We substitute to find a(m? +an +b) +b = (am +b)? +n 
or am? + a°n + a(b + 1) = a?°m? + 2abm + n + b? and comparing the 
corresponding coefficients we get a? = a so a = 1 (a cannot be zero 
because the function cannot be constant as easily seen), 2ab = 0 so 
b = 0. Hence f(x) = x and it satisfies the condition. 


Problem 104. Find all functions f: R — R that satisfy 
FE (2) +yz) =x + Fyfe) 


Solution. f is injective as setting £ = £1, %2 for f(xı) = f(zxə2) 
would immediately imply zı = x2. f is also surjective because if we 
fix y, z right-hand side runs over the whole R, hence so does left-hand 
side. Now pick up zı with f(z1) = 1 and set z = x1,z = 2, to get 
f(f(0) + yz1) = fly) so the injectivity implies f(0) + yz, = y for any 
y, possible only for f(0) = 0,2, = 1. So f(0) = 0, f(1) = 1. Next 
set y = 0 to get f(f(x)) = x. Also set z = 1,2 = f(u),y = v to get 
f(u+v) = f(u) + f(v). Hence f is additive. Now if we set x = 0 
we get f(yz) = f(y) f(z) so f(y?) = f(y)? hence f is positive on Rt 
thus as f is additive, f is increasing. So f(x) = cx and as f(1) = 1 we 
conclude that f is the identity function. 


Problem 105.Find all functions f :: R — R such that 
FY +y) = 2 + fly) 


Solution.If f(x1) = f(z) then setting x = z1, £2 we get £? = x3 
SO 2 = +2,. Now consider the function h :: Rt — Rt defined by 
h(x) = f?(,/z). We can rewrite the condition as f(h(x)+y) = £+ f(y) 
for x > 0. Then f(h(u) + h(v) + y) = ust f(h(v) + y) = utvt 
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f(y) =f(h(ut+v)+y). Therefore h(u) + h(v) +y = (hlu +v) +y). 
h(u) + h(v) +y = —(h(u+v) +y) cannot hold for all y, so for at least 
one y we have h(u) + h(v) +y = h(u+v)+y. Thus A is additive. 
As h is non-negative by definition, h(x) = cx where c > 0. Therefore 
we can deduce that f(x) = +./ex. Hence f(cx? + y) = x? + f(y). If 
fy) = -Vey,y # 0 then f(ce? + y) = 2? — Jey so f?(cx? + y) = 
(x? — cy}? # (cx? + y)? for at least some x, because (x? — \/cy)? = 
(cx? +y)? is equivalent to the not identically zero polynomial equation 
(c! —1)r4+2(c+ Jc)yr + (1 —c?)y? = 0. So f(y) = cy. In this case 
we get analogously (x? + vcy)? = (cx? + y)? which for x = 0 becomes 
cy? = y? soc = 1. Hence f(x) = x for all x. The identity function 
satisfies our requirements. 


Problem 106. (generalization of Problem 92) Find all functions 
f: R* — R* such that 
Fafe) + fy) = fle) +y 
for all z,y € Rt. 


Solution. This problem differs from Problem 92 only by the fact 
that the set R is replaced by R*+ but this increases it difficulty consid- 
erably. For example we can not use the value f(0) (as we did in the 
solution of Problem 92) as well as to compute directly the value of f 
at some particular positive number. That is why we shall first reduce 
the given equation to the additive Cauchy equation. 

To this end we set f(1) =a. Then 

FEU) +a) = +y (1) 
and 
f(af(e) +a) = P(e) +1. (2) 
It follows from (1) that 
fly) tata’ = f(f(fy) +a) +a) = fiy tata’). 


Now induction on n gives 

f(y +n(a+a*)) = f(y) +n(a +a’) (3) 
= any n € N. On the other hand (1) an aS ) imply that xf (2) +at+ 
a? = f(f(af(x) +a) +a) = f(f?(x) +144). This together with the 
given equation gives 


FIC) +1+0) + f(y) = flfl) + a+ 0? + fly) = 
= f?(z)+y+at+a’. (4) 
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It follows from (1) that the function f(x) attains any value greater than 
a” and therefore the function f?(2) + 1+ a attains any value greater 
than a” +a+1. Hence (4) shows that 


ff@+fy)=c#+y+e-1 (5) 


for any x > af +a+1, y > 0. Now it follows from (3) that (5) is 
fulfilled for any x,y > 0. Indeed, given x,y > 0 choose ann € N such 
that x +n(a+a*) >a*+a+1. Then 


FE) + fY)) = FF (e+ nla + a*)) + fy) — nla a’) = 
=ar+n(at+e’)+y+@—l1l—-n(ata’)=2+y4+a?-1. 


Replacing x and y respectively with f(x) and f(y) in (5) we get 
f(et+y+ 2a*) = f(x) + fy) +a? -1 (6) 
Hence 
f(x +2a’) + f(y — 2a) = f(a@t+y+2a’)+1—a-a’ = f(z) + f(y). 
This shows that f(x + 2a”) — f(x) = b for any x € Rt where b is a 
constant. Set g(x) = f(x) +c where c= a? +a — 1-— b. Then (6) can 
be rewritten as g(x + y) = g(x) + g(y) for all z,y € Rt. Taking into 
account that f(x) > 0 we see that g(x) > c for any x € Rt. Hence it 
follows from Problem 99 that g(x) = g(1)a, ie. f(x) = g(1).x — c for 


any x € Rt. Now it is easy to check that this function satisfies the 
given conditions if and only f(x) = x for any x € Rt. 


Problem 107. (Bulgaria ’2004) Find all functions f : R — R such 


that 
(2) (#2) — FON) EEH) = F@) + FW) 
for any x Æ y. 


Solution. It follows by (2) that if x # y and f(x) = f(y), then 
f(x) = f(y) = 0. Assume now that f(a) = 0 for some a Æ 0. Then ei- 
xr+a 


) = 1. So, if f(x) # 0 for some z, then 
a 


1 
Wo = #( t2) = 1. Then the proved above implies that 
a 


1 
a =, that is, x = 1. Hence f(x) = 0 for x # 1. Now (2) 
zr—a 


—a 
shows that f(1) = 0. Thus, either f = 0, or f(x) # 0 for x # 0. The 
zero function obviously satisfies (2). 
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get that f(x)(f( 1) = f(0)(f(1) +1). Since f is not constant, then 


Let now f(x) # 0 for x # 0. Then f is an injection. For y = 0 we 
1)- 
f(1) = 1 and f(0) = 0. Replacing y by xy in (2), we obtain that 


1+y f(z) + f(zy) 
Se oe 


In particular, 


i) _ FU) + fly) 
l+y 
Since f(1) = 1, it follows that 

fle) + fley) _ FQ) + fw) 

f(x) — flzy) FL) — Fy) 
It is easy to see that this equality is equivalent to 

f(xy) = F(a) f), 

that is f is an multiplicative function. Then f(x?) = f?(x2) = f?(—2) 
and the injectivity of f implies that f(z) = —f(—x) > 0 for x > 0. 
Now (2) shows that f(x) > f(y) for x > y > 0. Then lg f(e”) is an 
additive strictly increasing function and hence f(x) = x® for x > 0. 


Substituting this function in (2) shows that a = 1, that is f(x) = x for 
any x. 


Problem 108. (India ’2003) Find all functions f : R — R such that 
(3) fla+y) + F@)FY) = Fle) + fy) + Fey) 


for any x,y. 


Solution. Using (3) several times, we obtain that 
F(z +y +z) = fla) + fytz)+ flay +z) — fla) flu + 2) = 
f(x) +- FENU) + FE) + Fuz) — FW) F(®) 
+f (ay) + f(wz) + f(a?yz) — flay) f (az 
f(z) + Fy) + Fle) + Flay) + Fuz) + flex) + f 
— F(a) Fy) — FF) — Fe) F(@) 
+f(x’yz) — f(xy) f(z) — f(x) fly2). 
Hence the term in the last line is a symmetric function of x, y z, which 
implies that 

f(a°yz)— f(xy) f (xz)—f(@)fyz) = flay*z)—f (ay) fy2)—- fy) F (a2). 

For y = 1 we get that 


f(x?z) = (a — 1) f (wz) + f(a) f (x2), 
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where a = 2 — f (1). On the other hand, again (3) shows that 
f(a’z) = f(x + zz) + f(x) f (£2) — f (£) — f(e2). 


Therefore, 
f(x+2z)= ~ + f(x). 
For z = 0 we obtain that af(0) = 
If a = 0, then f(1+ z) = f(1), ae is, f =2. 
Let f(0 = = 0. Then f(x) = a e = a° f(x) and hence either 
f=0, ora? = 1. 
1 


If a = —1, then —3 = f(1)= f (5) —f (5) = 0, a contradiction. 


Let a = 1. Setting z = = leads to 
flet+y)=f(e)+ Fy) 


for any x # 0 and any y. The same remains true holds if x = 0. It 
follows now by (3)that 


flay) = Fle) F( 


y). 
Then f(x +y) = f(x) + (f(/9))? = f(z) for y > 0. Hence f is an 
additive increasing function and therefore f(x) = f(1)x = zx. 
So, f = 2, f =0 or f(x) = x. It clear that all the three functions 
satisfy (3). 
Exercises 


Problem 109. (Bulgaria, 1994) Find all functions f: R — R such 
that 


zf) —yf(y) = (@-y)f(@+y) 
for all z,y E€ R. 
Problem 110.Find all functions f :: R —> R that satisfy 
fæ +y) + fry) = f(z)f (u) +1 


Problem 111.Find all functions f: N — N such that 
Fm) + f(n)) = m+n 


for all m,n € N. 


Problem 112. Denote by T the set of real numbers greater than 1. 
Given on n € N find all functions f: T — R such that 


far +y"") = 2" f(a) +y" fy) 
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for all x,y € T. 


Problem 113. (Russia ’1993). Find all functions f: Rt — R* such 
that 


Fla®) = FeO 
for all z,y € Rt. 


Problem 114. (generalization of Problem 94) Find all functions 
f: R* — R*+ which are bounded from above on an interval and such 
that 


flatly) = yf (a) 


for all z,y € Rt. 


Problem 115. (generalization of Problem 95) Let S be the set of 
all real numbers greater than —1. Find all functions f: S — S which 
are bounded from above on an interval and such that 


Fæ + fu) + rfly) =yt fz) + yf(z) 
for all z,y € S. 


Problem 116. (IMO ’2002) Find all functions f: R — R such that 


EEFT OIFIS Fy — at) + flat + yz) 
for all x, y,z,t E€ R. 


Problem 117. (Korea 1998) Find all functions f: No — No that 
satisfy 


2f(m? +n’) = f(m)* + f(n)? 
for all m,n € No. 
Problem 118. Find all functions f: R — [0; 00) that satisfy 
f(a? +°) = f(x’? —y’) + f(2cy) 


Problem 119. Find all functions f :: R — R that satisfy 
fy + zf(x)) = fy) + #f(z) 


Problem 120. Find all functions f :: R — R that satisfy 
Ffi) +y) = 2fla) +y 
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Problem 121. Find all continuous functions f: R” — R that sat- 
isfy 
f(£1, 22,..., En) + f (Y1, Yo, +++ Yn) = f(x +Y -En Yn) 


Problem 123. Given an integer n > 2 find all functions f: R — R 
such that 
fla" + fy) = f'(@) +9 
for allz,y € R. 


Problem 124. Let n > 3 be a positive integer. Find all continuous 
functions f: [0;1] — R for which f(x) + f(v2) +... + f&n) = 1 
whenever 2, %2,...,2n € [0; 1] and £1 + £2 +... + £n =1. 


Functional Equations for Polynomials 


Problem 125. (Romania ’2001) Find all polynomials P € Rļ|æ] 
such that 
P(x) P(2x?° — 1) = P(a”)\P(2x — 1) 
for all x € R. 


First Solution. It is obvious that the constant polynomials are 
solutions of the problem. Suppose now that degP = n > 1. Then 
P(2x — 1) = P(x) + R(x) where either R = 0 or degR = m < 
n. Assume that R # 0. It follows from the given identity that 
P(x) (2" P(x?) + Re?) = P(2?)(2” P(x) + R(x£)), ie. P(£)R(z?) = 
P(x?)R(x) for all x € R. Hence n+ 2m = 2n + m, i.e. n = m, a con- 
tradiction. Thus R = 0 and P(2x—1) = 2”P(x). Set Q(x) = P(a+1). 


Then 
Q(2x) = 2"Q(z) (1) 
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for any x € R. Set 
k=0 
Then comparing the coefficients of x” — k on both sides of (1) gives 


ap2”—* = 2ag, ie. a, = 0 for k > 1. Hence Q(x) = aox” and therefore 
P(x) = ao(x — 1)”. 


Second Solution. Suppose that P Æ 0 and set 


n 
= ; apr * 
k=0 


where n = degP and ag # 0. Then 


Yoa- Do 2r? —1)" = Dans! DSa 2x — 1)” 


Comparing the coefficients of ee k > 1, on both sides gives 


akao + Ri(ao, Shed ,@k—1) = aa + Ro(ao, Sonat Qp—1) 
where Rı and Rə are polynomials of k — 1 variables. Hence a, is 
determined uniquely by ao,...,a%—-1. This shows that for given ag and 


n there is at most one polynomial satisfying the given condition. On the 
other hand it is easy to check that the polynomials P(x) = a9(x — 1)” 
are solutions and therefore they give all the solutions of the problem. 


Third Solution. Suppose that the polynomial P(x) has a complex 
root a Æ 1. Of all these roots take that for which the number |a—1| 4 0 
is the least possible. Let 8 be a complex number such that a = 23? — 


1 
Setting x = +( in the given equation we see that either P (: > ) =0 


1 
or P(28 — 1) = P(—26 — 1) = 0. The inequality a — 1 <|a—1| 


shows that P(e a =| #0, ie. P(28 — 1) = P(—26—1) = 0. Then 
2\(@ = 1)(6 + 1)| = |a — 1] < min(|(26 = 1) — I], |(—26 — 1) - 1) 


and 8 # +1 imply that max(|@ — 1|,|G+1]) < 1, i.e. 6 =0. Hence 
a = —1 and therefore P(x) = (x+1)*Q(x) where k > 1 and Q(—1) £0. 
Substituting in the given identity gives 

(x + 1)*2*Q(x)Q(22? — 1) = (x? + 1)Q(x”)Q(2z — 1). 
Setting x = 0 in this identity gives Q(0) = 0 since Q(—1) # 0. Thus 
P(0) = 0 which contradicts the choice of a = —1 since |—1—1| > |0—1]. 
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Hence all the roots of the polynomial P(x) are equal to 1 and therefore 
P(x) = ao(x — 1)"for some real constant ao. 


Problem 126. (Bulgaria ’2001) Find all polynomials P € Riz] 
such that 
P(x) P(2x* + 1) = P(a”)(P(22 + 1) — 4) 
for all x € R. 


First Solution. This solution is similar to the first solution of 
Problem 26. It is obvious that P = 0 is a solution. Suppose now that 
P #0. Then P(2x + 1) = 2? P(x) + R(x) where n = degP and either 
R=0 or degR =m <n. It follows from the given identity that 


P(x) R(x?) = P(x*)\(R(x) — 42). 


Hence R Æ 0 since otherwise P = 0. Suppose that m > 2. Then 
comparing the degrees of both sides gives n+2m = 2n +m, i.e. n = m, 
a contradiction. Thus m < 1 and 1 > k = deg(R(x) — 4x). Now the 
equality n+2m = 2n + k shows that n = 2,m = 1, k = 0 and therefore 
P(x) is a quadratic function such that 


P(2x +1) =4P(x)+ 4r +c. (1) 
On the other hand setting x = 1 on the given identity gives P(1) = 0, 
ie. P(x) = a(x — 1)(x — b). Substituting this in (1) implies that 
P(x) = x* — 1 and one checks easily that this polynomial is a solution 
of the problem. Thus P = 0 or P(x) = x? — 1. 


Second Solution. (based on an idea of M. Manea) First we shall 
show that if P is a nonconstant solution then all the roots of the poly- 
nomial P(x) are real. Assume the contrary and let a € C be a root 
of P(x) with argument y € (0,27). Since the coefficients of P(x) are 
real it follows that @ is a root of P(x). Hence we may assume that 
p € (0,7) and that y is the least possible argument of the complex 
roots of P(x). It follows from the given identity that at least one of the 


complex numbers y |a| (cos > +isin 2) and 2a + 1 is a root of P(x). 


This is a contradiction since the arguments of both numbers belong to 
the interval (0, p). 
Suppose now that degP = n > 2 and set 


Pg= ťa 
k=0 
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Then comparing the coefficients of x°n — 1 on both sides of the given 
a 

identity we get 2"aga, = ao(n.2”"ay +2” ay), ie. -L — n. Hence the 
a 


sum of all roots of P(x) is equal to —n. Since 1 is a root of P(x) (set 
x = 1 in the given identity) we conclude that the least root a of P(x) 
is less than —1. On the other hand it is easily seen that at least one of 
the numbers i/—a and 2a +1 is a root of P(x). This is a contradiction 
since 7,/—a is not a real number and 2a + 1 < a. 

Finally, we see as in the first solution that if degP < 2 then P = 0 
or P(x) =a? =1. 


Problem 127. Let {P,,}°°, be the sequence of polynomials defined 
by: 
P(x) = 2, Pay (£) = P?(z) +1, n>1. 
Prove that a polynomial P satisfies the identity 
P(x? +1) = P?(x) +1 
forall z € R if and only if P belongs to the above sequence. 


Solution. Let P satisfies the given identity. Then P?(x) = P?(—2), 
hence for any x either P(x) = P(—zx) or P(x) = —P(—z). It follows 
that P(x) = P(—x) or P(x) = —P(-—<2). In the second case we get 
P(0) = 0 and an easy induction shows that P(n) =n for any n € N. 
Hence P(x) = x for allx € Rand this polynomial belongs to the given 
sequence. In the first case it follows easily that P(x) = Q(x?) where Q 
is a polynomial. Then 


Q((a? + 1)*) = P(a? +1) = P?(2) +1 = Q’) 4-1 


and setting R(x) = Q(x — 1) we see that R(y?+ 1) = R? (y) + 1 for 
y =x? +1. Hence R(y? +1) = R?(y) +1 for all y € R. Thus 


P(x) = R(x? +1) = R(x) +1 
degR 


where degR = and the polynomial R satisfies the given condition. 


Conversely, if R is a polynomial satisfying the given identity then the 
same is true for the polynomial P(x) = R(x? + 1). Now the statement 
of the problem follows by induction on the degree of P. 


Problem 128. (Bulgaria 2003) Assume that P € Z[X] is a polyno- 
mial such that P(x) = 2” has at least one integer root for all natural 
n. Prove that P is linear. 
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Solution. We use the following lemma, approximating polynomials 
by powers of linear functions: 
Let P(x) = ax” + bc") +...,a >0, n > 2. Set u = a, = -2. 


Then 

| im |V P(x) — uz — v| =0 
(note that if n is even then P(x) > 0 for all sufficiently big |x| so 
*/P(x) makes sense. We also have two values of ~/P(x) for n even, 
we pick up the logical one) 

Proof: consider (ua +v)”. It’s leading two coefficients coincide with 
those of P hence (ux + v)” — P(x) has degree at most n — 2. Let 
P(x) = uf (x). If |f(x) — ux — v| > e then |(ux +v)” — P(x)| = 
(ua + v)" — f"(x)| = |(ux + v) — f(x)|(fP* (2) +... + (ux + v)"*) > 
e(uz + v)"~' is |x| is big enough so that f(x) and ua +v have the 
same sign (positive if x > 0 and negative if x < 0. For n even we have 
two complementary possible values for f, we choose the one which has 
the same sign with ux +v). But e(uz +v)"~ has degree bigger that 
(ux + v)” — P(x) so our inequality can hold only x < C for some C 
thus for x > C we get |f(x) — ux — v| < e and taking € — 0 we get 
the result. Note that we might have f(x) = — }/P (x) if n is even and 
x <0, it’s still a n-th root of P. 

Now assume deg(P) > 2 and approximate P by (ux + v)™ as in the 
lemma. Let kn € Z such that P(k,) = 2”. Clearly |k,| — oo because 
(kn) is a sequence of distinct numbers. Thus if f(x) = %/(P(2)) (if n is 
even consider only |x| sufficiently big such that P(x) > 0) then we have 
limno |f (kn) — ukn — v| = 0. Now f(kn) = ¥/2". If u is rational, pick 
up q E€ N suck that uq € Z then we have limp. lq f (kn) —qukn —qu| = 
0 so limpsoo |q V2” — qukn — qu = 0| thus lim, _,..{q 7/2} = {qv}. If 
we take m|n we see that the Left-Hand Side is zero so {qv} = 0. Now 
take m = In +1 to deduce that lim)... {q2! V2} = {qu}. Now q V2 is 
irrational hence its representation in base 2 has infinitely many digits 
of 1 and 0 so infinitely many blocks 10. If the digit on position / + 1 
after zero is 1 and the digit on position l + 2 after zero is 0 then 
i < {q2 V2} < 3 and it cannot tend to zero, contradiction. If u is 
irrational then we can take n = Im to get limj_... |2! — ukp, — v| = 0 
so lim] — o0|2'} — 2 — ky,| = 0 which implies limj...{2'2} = {2}. 
Now let’s look at the irrational number 4 in base 2. It must have 
infinitely many ones and zeroes. Now if the block 11 or 00 would meet 
in the binary representation a finite number of times, then starting 
from some point the digits of + would be 101010... so 4 would be 
rational, impossible. So one of them, say 11 meets an infinite number 
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of times. As we have infinitely many zeroes and ones, the blocks 01 
must also occur an infinite number of times. So if the l + 1,1 + 2" 
digits of + are 1 we get k < {24} < 1 but if l + 1%, 1 + 2* digits of 
+ are 0 and 1 we have 4 < {2'4} < 4. So {at has infinitely many 
members in the disjoint intervals [4; i and [2; 1] thus cannot converge. 
We derive an analogous contradiction if 00 meets infinitely many times. 

[Remark: The conclusion limn..o{fn} = x if limpiotn = T is 
inaccurate as seen by the example zn = 1 — tx = 1 so {£n} > 
1, {x} = 0. This is however the only possible kind of counter-example, 
and it doesn’t affect our reasonings above, as you can check.] 


Problem 129. (Belarus ’1996) Prove that if P,Q € R[x] and P(P(x)) = 
Q(Q(1—2)) for allz € R then there exists R € R[x] such that P(x) = 
Q(x) = R(z(1 — x)) for alla € R. 


Solution. Set F(x) = P (e + 5) -5 and G(x) =Q (: = >) = a 
Then 


P(P(a)) =F (Pw 2 5) + ; = G («- 5)) de : 


Analogously Q(Q(x)) =G G (e — 5)) + . Hence 


Era) eae) 
F(F(2)) = O(G(-2)) (1) 
for alla € R. 


We shall show that F(x) = G(x) = G(—x). It is obvious that 
degF = degG. Set 


-5 apr” E „G(x -5 bga” 


where ao, bo # 0. Then comparing the coefficients of x” * on both sides 
of (1) gives a?! = bt! (—1)”?. Hence n is an even number and ao = bo. 
Now rewrite (1) as 

ao( F” (2) = G"(=—2)) = 0:6" *(—2) +--+ bn — a FH (a) — = an. 
It is clear that the degree of the polynomial on the right hand side is 
less or equal to n(n — 1). On the other hand 


F” (x) — G"(-2) = 
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(F(@)-G(—a)) (FO @) F(a) G(—a)+---+F @)G* “(=9)+G" (=a) 


and the coefficient of z”) in the second factor on the right hand 
side is equal to nay since n is even and ag = bo. This shows that 
G(—x) = F(x) + c, where c is a constant, If F is a constant, then G 
is the same constant by (1). If F is not a constant, then neither is 
G, so F(y) = G(y +c) for infinitely many y by (1), hence for any y. 


Thus, G(—x) — c = G(x + c) and for z = = we get that c = 0. Hence 


G(—x) = F(x) = G(x). It follows that G(x) is an even function hence 
there is a polynomial H(x) such that F(x) = G(x) = H(a?). Then 
Pia) = 6G) = Rei aia HOS : ie x 

Another solution is also possible, based on the lemma established 
while solving the previous problem. Let n = deg( f) = deg(g) > 0 (if 
f, g are constants the problem is trivial). Let a be the leading coefficient 
of P, b the leading coefficient of Q. As the leading coefficient of P(P(x)) 
is a”t! while the leading coefficient of Q(Q(1 — x)) is (—1)"b"*" we 
get a = +b. If a = —b then we get a”tt = (-1)*""*1a""! so a = 0 
impossible. Thus a = b and n is even. If a > 0 approximate P(x) by 
(uxz+v)" and Q(x) by (uxr+w)”. We get lim,...| ¥/ P(P(x)) —uP(x)—- 
v| = lim, | YQ(Q(1 — z)) — uQ(1 — x) — w| = 0. As %/P(P(2)) = 
*/Q(Q(1 — x)) we conclude that lim,_,..|/uP(x)+v—uQ(1—2)—w| = 0 
possible only when Q(x) = P(1 — x) +c for c= =”. Thus P(P(z)) = 
Q(Q(1—2)) can be rewritten as P(P(x)) = Q(P(x) +c) and we deduce 
from here P(x) = Q(x + c). Particularly if 1 — x — c = x which 
holds for « = +£ we have P(x) = Q(z +c) = P(l-a-c)+e 
soc = 0. Thus we get P(x) = Q(x) and Q(z) = P(1 — x). As 
P(x) = P(1 — x) ifr is a root of P then so is 1 — r and 1 — r Æ r for 
rs L. So all roots not equal to i group into pairs (r,1 — r). Hence 
P(x) = a(x — 4)” J [(z—r)(x—1+r). Asn is even, m is also even so we 
get P(x) = Q(x) = a((a — 5)*)? [](@? -£ +r(1 — r)) = aR(2(1 — 2)) 
where R(x) = (—1)?(—4 — x)? JĮ (£ —r(1—1)). 


Problem 130. Find all polynomials P with rational coefficients 
that satisfy 


=z + y/3(1 — a 


P(x) = P( ; 


whenever |z| < 1. 
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Solution. We have (*) P( =" yee) = Q(z) + /3(1 — x?) R(x) 


(this can be proven by Newton’s Binomial Formula) hence R = 0 and 


Q = P and then P(x) = P(N YE ee) = pees The 
condition holds for all æ if we extend it to complex number. Let r(x) = 


aoe u We have r?°(x) = 1. This can be checked manually but 
can also be prove if we note that P(cost) = cos(t + 2), If w is a root 
of p then so is P(r(w)) = 0 from (*) and then P(r(r(w))) = 0. Then 
(x —w)(x=r(w))(x-r(r(w))) |P. But Qu(x) = (x — w)(x = r(w))(x — 
r(r(w))) = (x? — 3x — w?) satisfies our conditions and hence so does 
ae Continuing this operation we shall reach a constant at some point 
hence P = [|] Qu = R(x? — 2x) where R = [| (x — wë). We must have 
R e Q[x] otherwise if a, is the irrational coefficient at the smallest 
power k then the coefficient of x” in R(x? — $x) would be irrational. 
It’s clear from the proof that R(x? — 3x) satisfies our hypothesis. 

Problem 131. Find all polynomials P with only real zeroes that 
satisfy 


P(2)P(—a) = P(x? — 1) 


Solution. If r is a root of P the by setting « = r we conclude 
that g(r) = r? — 1 is also a root of P. Then g(g(r)) is also a root 
of P and so on. As we may have a finite number of roots, we may 
encounter a root for a second time, so g(g(...(s))) = s for some s 
in the sequence. Now let’s find r. g(r) —r = (r — u)(r — v) where 
u = Asy = aleve g(g(r)) =r =r(r+1)(r—u)(r— v). Ifr <1 
then set x = y1 +r to obtain that +y1 + r is a root of P but it is not 
real so this case is not possible. If r = —1 then g(r) = 0,g9(g(r)) = —1 
so r(x + 1)|P. If r € (—1;u) then g(r) € (u;0) and g(g(r)) € (—1; u) 
but g(g(r)) —r =r(r+1)(r—u)(r —v) < 0 so g(g(r)) <r. We repeat 
the reasoning with g(g(r)) and so on to obtain and infinite decreasing 
sequence of roots of P in (—1; u) contradiction. If r = u then u — 2|P. 
If r € (u;0) then g(r) € (—1;u) and we have shown no root can occur 
n (—1;u). If r =0 then g(r) = —1 and z(x + 1)|P. If0 <r <v then 
+sqrtl +r is a root of P. As P has no roots less than —1, /1+r 
is a root of P. Also r < VYl+r,V1+r < v and we can build an 
increasing sequence of roots of P in (0;v). If r = v then v — 2|P. If 
r >v then g(r) > v is a root of P and continuing this operation we 
get an infinite increasing set of roots of P greater than v. So all roots 
can be —1,0,u,v. As x(x +1),u—2,v — z all satisfy the condition, 
we can divide P by any of them and repeat of reasoning to get that 
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P(x) =a2™(a4+1)"(u —2x)*(v — x)!. If P is a constant then P = 0 or 
P=1. 


Problem 132. Suppose that f is a rational function in «x that 
satisfies f(x) = f(+). Prove that f is a rational function in x + ż. 


Solution. For a polynomial P with P(x) 4 0 let P* be x9") P(+). 
We directly prove that (PQ)* = P*Q* and if P(x) = anz”+. . .+ao then 
P*(x) = aoz” +. . .+an where agan Æ 0. Next if P = agnx?"+...+a9 isa 
polynomial of degree 2n that satisfies P = P* we conclude an+4k = an-k 
thus Ple) = dn + oy An—i(a* + +). Now for any k zë + 4 is a 
polynomial in x + L, This is proven by induction on n: if we set 
qn = £” + = then qn+1 = qnqı — Gn—1 and from here it’s clear how 
to show that qn is a polynomial in qı. Therefore Po ) isa polynomial 
in z + L, Finally let f = # where g,h are coprime polynomials. Set 
deg(g) = k,deg(h) = l. We can assume g, h are monic. We distinguish 
three cases: 

a) h(0) #4 0. Then let g = 2™gi(x) where gi(0) Æ 0. We have 


HAD = AO thus zg (2)h* (x) k = h(a)gi (e) he so xtg, (2)h* (2) = 


h(a) a™h(4 gl 
gi(x)h(x). We get l+m = k and gi(x)h*(x) = gi(x)h(x). Now as 
(gı, h) = 1 we conclude gı|g{ so gj = kg; then h* = kh. Then the roots 
of gigroup into pairs w, Ł which consist of different numbers unless 
w = +1 hence the free coefficient of gı is +1 depending on whether 
1 is a root of gı. So k = +1. If k = —1 then 1 is a root of gı and 
analogously a root of h contradicting the coprimality of g, h. So k = 1. 
Also note that deg(g:) = deg(hı) — 2m. We can suppose deg(g1) and 
deg(h) are even because otherwise we can multiply gı, h by x +1 and 
still have gj = gı, h* = h because of the multiplicativity of * and since 
(c+1)*=a2+1. Therefore TT aah are polynomials in x + + as 
we have proven above. Thus 31 9p 3 (deg(h)—deg(91)) = om oe) = f(x) isa 
rational function in £ + L, as desired. 

b) A(0) = 0. Then g(0) # 0 as (g,h) = 1. We repeat the argument 


of a) fores: 


Problem 133. (Bulgaria ’2006) Find all polynomials P and Q with 
real coefficients such that for infinitely many x € R one has that 


(x + 1) 1 


P 
Q(z) Q+) a(@+2) 
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P(x) 
Solution. Set R(x) = . The 
= OG) 
n-1 n—1 
E; = ; 1)) 
He) Ree) 2 Mere as Do (x +i) E 


ee ar aes 1 oe ti ae 
Be oy oti etit2) 2\e2 241 z+n zr+n+1j` 


Therefore, 


1 1 
li = - — — ———_.. 
lim R(x +n) = R(x) an att) 
Since this limit does not depend of x (why?), we conclude that R(x) = 
c4 i . Thus, = , where 
2x  2(@ +1) Q(z) — Qo(«) 


Po(ap) =z + ; +ca(x+1), Qo(x) = x(a +1). 


Since P) and Qo are relatively prime, then for infinitely many x, hence 
for any x, one has that P(x) = R(x)Po(x) and Q(x) = R(x)Qo(z), 
where R is an arbitrary nonzero polynomial and c € R. Conversely, the 
polynomials of these forms satisfy the given condition. 


Remark. One can show the following: 
Let a € R and R be a rational function with real coefficients such 


1 
that R(x) — R(x + 1) = ——— for infinitely many x € R. Then 
x(x + a) 
a € Z, a #0. Moreover, if a > 0, then R(x) = c + — Eh , and if 
si the BO) : 3 : 
a en R(x) =c— = 
Fam 
Exercises 


Problem 134. (Bulgaria ’2001) Find all polynomials P € Rļ|z] 
such that 


P(x)P(x +1) = P(2°) 
for alla € R. 


Problem 135. (IMO ’1979, Shortlisted Problem) Find all polyno- 
mials P € R[x] such that 


P(x) P(2x°) = P(2x3 + £) 


for alla € R. 


Problem 136. (Romania ’1990) Find all polynomials P € Riz] 
such that 
2P(2z° — 1) = P’ (x) —2 
for all x € R. 


Problem 137.Let k,l € N be integers. Find all polynomials P for 
which zP(x — k) = (x — l)P (x) 


Problem 138.Find all nonconstant polynomials P that satisfy P(x) P(x+ 
1) = P(x? +x +1). 


Problem 139. Find all polynomials P € C[X] that satisfy P(x)P(—x) = 
P(x?) 


Problem 140. Find all polynomials P(x) which are solutions of the 
equation P(x? — y?) = P(x — y)P(x + y) 


Problem 141. Find all polynomials P € C|X] that satisfy P(2x) = 
P'(x)P” (x) 
Iterations and Recurrence Relations 


Problem 142.(Nordic Contest 1999)A function f: N — R satisfies 
for some positive integer m the conditions f(m) = f (1995), f(m+ 1) = 
1996, f(m +2) = 1997 and f(n+m) = fe Prove that f(n+4m) = 
f(n) and find the least m for which this function exists. 


Solution. If h(x) = “4 then f(n +m) = h(f(n)) so f(n+4m) = 


x+1 
ha(f(n)). We need to check that h4(x) = x. Indeed ho(x) = a = 
= and therefore h4(x) = hə(hə(x)) = x. We’ve solved the first part of 
the problem. The least possible value of m is 1. Then f(n +4) = f(n) 
so f(1997) = f(5) = f(1). But we know that f(1997) = f(3) = 
ho(f(1)) = Fay Thus m = 1 gives us f(1) = Fay so f)? = -1 
impossible. similarly m = 2 gives f(1995) = f(3) = f(2), f(1996) = 
f(4) = F(3), F997) = f(5) = Fld) thus f(2) = f(3) = f(4) = £(5). 
Then h(f(2)) = f(2). But the equation a = 2 gives us r— 1 = z? +g 
so again x? = —1 impossible. Finally if m = 3 then for any value of 


l 
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f(1), f(2), f(3) we can compute f inductively. Because 12|1992, we get 
f (1995) = f(3) = f(m) and so on so m = 3 is the answer. 


Problem 143. Find all f: N — N that satisfy f(n) + f(n +1) = 
f(n+2)f(n +3) —k where k + 1 is a prime number. 


Solution. This is mainly a sequence problem. Set a, = f(n) to 
get an + an+1 = Gn424n43 — k. Writing this condition for n — 1 we get 
An + An—1 = An42An41 — k. Subtracting them we get (an41 — Gn_-1) = 
On+2(An+3—An41). So if we set by = Ap42—Gz we get bn-1 = an+2bn+1 SO 
bni = ot so |bn4il = Pe, So |bn+1] < [bn] and if bn-1 # 0, any2 # 1 
then |bn4i] < |bn-1| and bn+1 4 0. Then again if an+}4 # 1 we will get 
lbn+3) < |bn41],0n43 Æ 0 and so on. This would produce an infinite 
sequence of decreasing positive integers which is impossible. Therefore 
either ba—ı = 0 or the sequence an+2, an+4,---, becomes eventually 1. 
Set n = 3 to see that (*) either a2 = a4 Or Gam41 = 1 for all m > mo. 
Likewise if we set n = 2 we see that (**) either a3 = a or dam = 1 for 
all m > mo. 

a) Assume that ag = a4. Then bz = 0 and hence by induction bəm = 0 
SO Gam42 = Gam hence dom = ag. If ag ~ 1 then we must have a, = a3 
by (**) and hence by induction a2m+1 = a1. Thus the condition written 
for n = 1 becomes ag+ a, = aga,—k or (ag—1)(a,-1) = k+1. Ask+1 
is prime, one of aọ— 1 is k+1 and the other is 1. So either f(n) = k+2 
for even n and f(n) = 2 for odd n or viceversa: f(n) = 2 for odd n 
and f(n) = 2 for even n. Both functions satisfy the condition. Now if 
az = 1 then ag, = 1 and we have 1+ f(2m + 1) = f(2m + 3) — k so 
f(2m+3) = f(2m41)+k+1. We conclude that f(2m) = 1, f(2m+3) = 
m(k+1)+a where a = f(1). This function also satisfies the condition. 

b) Assume that dam+41 = 1 for all m > mo. By (**) either az, = 1 for 
all p > po or az = a1. If ag, becomes eventually 1 set n > 2mo + 1, 2po 
to get 1 +1 = 1 — k impossible. Hence a3 = a, and like in a) we 
conclude dam41 = a1. AS dam41 is eventually 1 we have a; = 1. Then 
like in a) we conclude that f(2m) = (m—1)(k—1)+a where a = f(2). 
It also satisfies the condition. 


Problem 144. Find all functions f: N — N such that 
FE) + fF (nr) + f(r) = 3n 
for alln € N. 
Second Solution. In this case we get the recurrence relation 


Qk+3 + ak+2 + Apy1 = 34k 
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with characteristic equation x3 + x? + 2 = 3. Its roots are equal to 1 
and —1 + V2, i.e. 
ak = co +a (—1 + V2)! + c&(-1 — v2)", k20. 


Since az, > 0 and | — 1 — V2| > 1 > | — 1 + V2| we conclude as in the 
solutions of the previous two problems that c2 = 0 from where cı = 0. 
Hence a; = ao, ie. f(n) =n for alln € N. 


Problem 145. (BMO ’2002) Find all functions f: N — N such 
that 
2n + 2000 < f(f(n)) + f(n) < 2n + 2002 
for alln € N. 


Second Solution. Fix an n and set 
ao =N, ak+1 = flak), Ck = akı — ap — 667, k>O. 
Then 
2ap + 2001 < Agro + ak+1 < 2ay + 2002, 
0 < ckp Zee <1, k20. 
We shall prove that cp = 0. Assume the contrary. Then we may assume 


that co > 1 since otherwise cy > —2cp > 2 and we consider the sequence 
C1, C2,... We have 


Cony 2 —2c2k + 1 > Aco, — 2 > 2cox 
and it follows by induction that co, > 2%, k > 0. Hence 
Gok+2 = Gor + Cor + C2k + 1 + 1334 < azk + 1335 — Cox < 
< do, + 1335 — 2", k>0. 
Summing up these inequalities gives 
aok < ao + 1335k — 2", k>0. 


This inequality shows that a2, < 0 for all sufficiently large k, a contra- 
diction. Thus co = 0 and f(n) = n + 667 for all n. It is easy to check 
that this function satisfies the given conditions. 


Problem 146. (IMO ’1997, shortlisted problem) Prove that if the 
function f: R — R is such that |f(x)| < 1 and 


EE «r(o4})47(0+}) 


for all € R then it is periodic. 
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Solution. We have 
1 1 1 1 
t(e+i+2) -f(2+3) =t(2+3) — f(x) 
which implies 


sherti) -r(e S442) <2 (242) -7 (e+) 


for 1 < k <6. Summing up these inequalities gives 


t(e+142) - 1 (2+2) = f(z + 1) — f(z). 


Set g(x) = f(x +1) — f(x). Then g («+ >) = g(x) which implies 


g(x) = (2+2) = i (2+2) = 9+ = g(s + 1). Hence: g(x) = 

g(x +n) for any n € N. Then 

fle-+n)— fle) = (fle-+n) — f(etn—2) +--+ (fle +1)— fle) = 
=g(£ +n — 1) +---+g(£) =ng(z), 


f(@ +n) — f(x) = ng(z) 
for any x € Randn € N. Hence 
nlg(x)| = |f(@+n) — f(@)| < |f +n) + |f) < 2, 
i.e. nig(x)| < 2 for any x € Randn € N. This shows that g(x) = 0 
for any x € R,ie. f(x +1)= f(z). 


Problem 147 Let 0 < ay < ag < ... < a, be integer numbers, 
bo, b2, b3,...,b,% be reals such that b, = +1 and bo + b)a™% +... + bgr’ 
has all roots of absolute value 1. Let f be a bounded function such 
that 


bof (x) + bif(at+a1)+...+ dbf (x + an) = 0 
Show that f is periodic. 


Solution This is a generalization of the previous problem. (Set 
g(x) = f (45) to obtain g(x + 13) + g(x) = glx +6) + g(x +7) and the 
polynomial x!? — gê — z” +1 = (x®—1)(x7 — 1) has all roots of absolute 
value 1). However the method is hard to generalize as here we have a 
very vague and complex relation. The fact that a; are rational can help 
us to reduce the problem to a polynomial recurrence. Now we employ 


two lemmas which will help us. Both are well-known. 
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Lemma 1: If wi, w2,..., Wg have absolute value 1 and a, = wi} + 
wh +... + wg is not identically zero then there exists an € > 0 such 
that |a,| > € for infinitely many n. 

Proof: Let w; = e?""* where a; € R. For any n, consider the k-uple 
({na;}, {naz},..., {nax}). If we divide [0;1)* into N* boxes [4; *) x 
(4; H1) x cutie taking n > N* we deduce that for some i, j < n the 
k-uples dai, {iaz},...,{iap}) and ({jaı}, {jae},...,{jax}) will fall 
into the same box, sd this means that |{iam} — {jam}| < + therefore 
((i — j)a@m) < + where we denote (x) = min({z}, 1 — {zx}). thus 
conclude that |w?, — wł, | = |1- wii] < |l-e® | = 2sin = < 3 hence 
if we denote by r = i— j we get |a;—aj1,| < a . Now if we Pa Qi e 
that a; 4 0 we can denote € = or Now ions N, such that A <5 
we find rı such that |a;4,, — a;l . $ s0 [aitri] > (1+ $)e. Now hares 
Nə such that = we analogously find rz such that |ai}ri+ra| > (1+ $e. 
Reasoning by induction we find r1,f2,...,rı such that |ai4,,4..47,| > 
(1 + 4)e and this guarantees the claim. 

Lemma 2: If P € Z[X] is monic and has all roots of absolute value 
1 then this roots are roots of unity. 

Proof: Let P(X) = (x — wi)(z — we)... (x£ — wn). Let P(X) = 
(x — wk)\(2 — wk)...(w — wE). As Py is symmetric in w1, we,...,Wn 
its coefficients express as integer polynomials in the symmetric sums 
of w1, W2,..., Wp: These sums are integers as P € Z|X] thus P, € 
Z|X]. However [x™]P,(x) = Pee eee wi wh, oe we, | < (a 
as |w;| = 1. So the coefficients of P(X) are bounded and therefore for 
some k < l we have P,(X) = P(X). This means that (wf, wS,..., wE) 


is a permutation of (wi, w3, ..., wh). So w? = w}. Then wf = wl, so 
ke 12 3 7 5 ki ļi 
w; = w. Reasoning HNA we get w; = wj,. eaaa we 
Ja ; j n g 
return to i (ij = i) so we get wr = w? so w! K Iso w; is a root of 
unity. 


Now we return to the problem. If we set c, = f(x +n) then this 
is a polynomial recurrence with associated polynomial bo + ba + 
.. + bx. Then c, = a pi(n)w? for w; the roots of the equation. 
Now we claim that p; are constants. Indeed, assume not. Then c, = 
(do(n)n™ + dy(n)n™ 1 +... + dm(n)) where do, d1,...,dm are simple 
polynomial recurrences in w1, W2, .... Now if k is the smallest such that 
dx is not identically zero, then applying lemma 1 we get infinitely many 
n for which |d,(n)| > e. Then -$ = d;(n) + Sau +.... Also |d;(n)| 
is bounded because w; have absolute value 1. Now it’s clear that for 
sufficiently big n we have |% — d,()| < 5 thus for infinitely many n 
we have % > 5 which contradicts the boundedness of f unless k = 0. 
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Thus c, = do(n) and this guarantees the claim. Now as w; are roots 
of unity according to Lemma 2 we have N such that w = 1 hence 
Cn = Cnt4n- As N does not depend on x we get f(x) = f(a + N) as 
desired. 


Problem 148. (Belarus ’1997) Let f: Rt — Rt be a function such 
that 


Tar) > a+ f(f(z)) 
for alla € R*. Prove that f(x) > x for any x € Rt. 


Solution. First note that f(x) > 5 and let f(x) > anz for all 


x € R* where a, is a constant. Then 


fle)> 2+5(f(2))>Z+af (2) > te 
1 


2 2 


Q 
3 
+ 
An 
| 
3 
IV 


Consider the sequence {a,,}°°, defined by: a; = 


9? 
1. Then aj41 — an = ———— > 0, i.e. the sequence is monotone in- 


creasing. Moreover, it follows by induction on n that a, < 1 for any 
n E€ N. Hence the sequence is convergent and denote by a its limit. 


1 2 
Then a = ae 


, ie. a = 1. Now letting n — oo in the inequality 
2 


f(x) > : wen gives f(x) > x. 


Problem 149. (China 71998) Let f: R — R bea function such that 
f(z) < 20°F (=) 
2 
for alla € Rand f(x) <1 forz € (—1,1). Prove that f(x) < S for 
alla € R. 


Solution. It is obvious that f(0) = 0. Hence we have to prove the 


a for x # 0. Then 


z2 


desired inequality for x # 0. Set g(x) = 


z 
g(x) <g (=) 
and it follows by induction that 


g (x) <9 (=) 


8 
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for all z #0 andn € N. Note that g(x) > 0. Hence 


n x on 22n+1 
<? (=) <] 
g(t) < YI la) S -2 


if > € (—1,1). Now letting n — oo and using the fact that lim 5 = 


n—> oo 


2 
0 we get g(x) < 1. Thus f(x) < > for allx € R. 


Problem 150. (Bulgaria ’1996) Find all strictly monotone functions 
f: R* — R* such that 


for alla € Rt. 


f(z) 


Solution. We shall show that the function g(x) = is a con- 


stant. We have g (5) = g(x) and it follows by induction that 


g(x) 
z ; z z 
g 5 = g(x), i.e. f (=) = iH) for any n € N. On the 
other hand the given nl f ( es) = f(x). Since the 
function f is injective we get Ah =2,ie. g(xg(x)) = g(x). Now it 


follows by induction that g(ag"(z) 
for any n € N. Denote f(x) = f(f... f(x)...). Then 
ee 


f™ (ag *(a)) = 2g™ *(2) (1) 
for any k,m E N. 
Now suppose that the function g(x)is not constant. Then g(x) < 


LN < 2 
glt) Xr 
Since the function f is monotone it follows that f?™ is a strongly 


g(x2) for some x, # £2. Now choose a k such that ( 


2m-—k 
increasing function and (1) implies that (==) > 72 for all 
g(z2) Tı 
m € N. On the other hand for m large enough the converse inequal- 


ity holds, a contradiction. Thus the function g(x) is a constant and 
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therefore f(x) = Cx where C > 0. It is easy to check that these 
functions satisfy the given conditions. 
Exercises 


Problem 151. (Bulgaria ’1996) Find all functions f: Z — Z such 
that 


3f(n) —2f(F(n)) =n 
for alln € Z. Problem 152. Find all functions f: Rt — R* such 


that 
f(F(&)) + f(x) = 6x 
for all x € Rt. Problem 153. Find all functions f: Rt — R* such 


that 
FFF (@))) + FF (@)) = 22 +5 


for allz € Rt. Problem 154. Find all continuous functions f: R —> 


R that satisfy 
f(F(a)) = f(a) + 2z 
for any x € R. 


Problem 155. Find all increasing bijections f of R onto itself that 
satisfy 


f(x) + f (2) = 2x 
where f~t is the inverse of f. 


Problem 156. (M*209) Find all functions f: R — R such that 


f(a+1)>a2+1 and f(x+y) > f(x) f(y) 


for all x,y E€ R. 


Problem 157. (Belarus ’1998) Prove that: 
a) if a < 1 then there is no function f: Rt > R* such that 


s(t) =t (1) 


for all x € Rt; 
b) if a > 1 then there are infinitely many functions f: Rt — Rt 
satisfying (1). 
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Problem 158. (Bulgaria ’2003) Find all a > 0 for which there exists 
a function f: R — R having the following two properties: 

(i) f(x) =axr+1—-a for any xz € [2,3); 

(ii) f(f(x) =3-—2x for anya E R. 


Polynomial recurrences and continuity 


We have already seen that sequences help solving functional equa- 
tions. Up to now, this was only for functional equations on N. How- 
ever they can be also used for functions on R, provided continuity. We 
already saw a simple example in Cauchy’s equation, as we have estab- 
lished that f(nxz) = nf(x) which is a basically a sequence relation if 
we denote a, = f(nz). Now we shall see how much more complicated 
sequences apply to difficult functional equations. 


Problem 159. (D’Alembert’s functional equation) Find all contin- 
uous f: R —> Rif 


f(a +y) + f(z- y) = 2f (2) f(y) 


Solution. We rely heavily on sequences for this problem. Set y = 0 
to get f(0) = 1 unless f is identically zero, case we disregard as trivial. 
Firstly let’s settle f on N. Set a, = f(n),a, = a. We then get 
An+1 + an—1 = 2apa hence anı = 2ana — an-ı. If a = 1 then we 
get an = 1 by induction, if a = —1 we get a, = (—1)”. Otherwise 
consider the equation z? — 2ax +1 = 0 with different roots w, +. Then 
An = cw” + ds for some c,d. As ag = 0,a,; = a we get c+d = 
lew + 4 = a. This is a linear equation in c,d which has a unique 
solution for w Æ 1,—1, which holds as a 4 1,—1. The solutions are 


ny 
c= zd = S. Therefore a, = f(n) = w+, 


w 
x 
wg 


Analogously we can show that f(nx) = —;“* for some we, this 
formula holds even in the case ws = +1. If we set x = t we get f(n) = 
ugi 

i Eri . It is clear then that w = wf or w = =. We can assume it’s 
k 


the former as there is symmetry between wg and oe We now want to 


show that there exists a number a such that wp = ex. Let ap = In(w,). 
Then kap—aı = r2ri where rx is an integer, because wt = wi. We may 
assume -E < rk < £ otherwise subtract from ag a suitable multiple 
of 2mi. Then ge = F i pTi. Also as 7 AN = J0) = 1 
which implies that eF e#?™ — 1. As * — 0,e™ — 1 hence e¥ — 1 


therefore “** — 0. Analogously as for the case k = 1 we conclude that 
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laik — ay is a multiple of 277 which implies that rz; — rg is a multiple 
of k hence rg — rı is a multiple of gcd(k,1). Particularly ro, — rę is a 
multiple of k. But for all sufficiently big ko Pl x i for n > ko therefore 
[rok < lax | Pa < 25 | 1 = 1 hence rə—rp = 0. We then conclude 
romp = Tk for all m when k > ko. Now pick up k > ko,m > k. Then 
Tomp = Te but 2 \ramk — rom. As |rame| = [rel < ||, |ram| < 25 we 
conclude that |ramk — rom| < E + = < 2” so rk = Tom. Analogously we 
conclude rk4}1 = rem SO rk = Tey, and thus ry is eventually constant. 
Now we claim that rọ can be made in fact constant by changing a, 
by an irrelevant 277 multiple. Indeed, let a be the eventual value of 
(the initial) rą and let m be the smallest integer with am # a. Then 
M|’'m—Tam So we can change am by 2ni2m—™™ to have rm = a. Keeping 
doing this operation we will have rą = a for all k > 1. Then by setting 
t = a; +a we ensure our claim. 

We then deduce f(r) = ate" for some t and rational r. 

Then using the continuity of f and the continuity of the function 
tet since Q is dense in R we conclude that f(x) = een Now 
et = w is the solution to the equation x? —2ar+1=0. Ifa>1 
w is real and if a < 1 then w is a complex number of absolute value 
1. This means ¢ is either real or completely imaginary. So either 
f= te" = cos(at) for real t or f = S = cosh(xt) again for 
real t. Both this functions satisfy the equation. 


Remark: D’Alembert’s Equation is considered only for real-valued 
functions. However our method works well for complex-valued func- 


tions too: the solutions will be f(x) = “= for any complex number 
a. 


Problem 160.Find all continuous functions f: R — R if 


Toan a e ary 
for all x,y E€ R. 


Solution. Disregard the trivial solution f = 0. If we interchange 
x and y we deduce f is an odd function thus f(0) = 0. Without loss 
of generality f(1) # 0. Next let a = f(1),a, = A for n € Z. The 
condition written for x = n,y = 1 turns to the recurrence an-1đün+1 = 
a2 —1. If ag = 2 then an = n by induction otherwise set az = r++ and 


mee 
we prove by induction an = =f. We then conclude that f(n) = an or 


f(n) = asin (nu) or f(n) = asians like in D’Alembert’s equation. 
And if f(1) = 0 then the relation f(3)f(1) = f(2)? — f(1)? tells us that 
f(2) = 0 and then using the relation f(n +1)f(n—1) = f?(n) — f?) 
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we show by induction that f(n) = 0. We can proceed analogously to 
show that f(nx) = asin (nuz), asinh(nux), anz. 

Now we distinguish two cases: 

a) There is some xo # 0 for which f(nzo) = anao,a # 0. With- 
out loss of generality xo = 1. Then if f(%) = bsin(nu) we conclude 
bsin(nu) = n for all n, impossible. The same if f(7) = bsinh(nu). So 


f({) = bn and we conclude b = ¢. Hence f(x) = az for all rational x 


and by continuity f(x) = az. 

b) There are no such x . Without loss of generality f(1) 4 0 so 
f(n) = asin (nu) or f(n) = asinh(nu). 

i) f(n) = asin (nu). For x = t we conclude f(2) = a, sin (nug) or 
f) = a sinh(nu,). The latter is impossible, as a,sinh(nu,) would be 
unbounded for k|n whereas it must be bounded as it equals asin (nu). 
So f(%) = a, sin(nux). Now we prove a, = a. Indeed we have f(n) 
X; sin(ia) 


n 


w= || 


asin (nu) = ap sin (nku,). We use the property liMn—oo 


for a # 0 to conclude that lin so MLO = a = Qk SO Q = Qk. 


Therefore f(}) = asin (nux). Therefore g(x) = 22a) satisfies 
f(Ẹ) = cos(nu,). Like in the proof of D’Alembert’s equation we find 

a t such that g(x) = cos (xt) for rational z. Then f(x) = a + sin(#) 

for rational x. But as we have f(x + y)f(æ — y) = f?(x) — f?(y) 

we conclude that we either have f(x) = asin(%) for all rational x or 
f(x) = —asin(%) for all rational z. Then f(x) = asinux for some a, u 

and all rational x and by continuity this holds for all x. 

ii) f(n) = asinhu. Like in i) we prove f(%) = agsinh(nuz). We 
then have f(n) = a,sinh(nku;) which is asymptotically equivalent to 
ayer’, As f(n) = asinh(nu) is asymptotically equivalent to ae’ we 
conclude uz = ¢,a% = a. We then get f(x) = nsinh(uz) for all rational 
x and this holds by continuity for all x. 

To conclude, the solutions are given by f(x) = az, f(x) = asin uz), f(x) = 


asinh(ux). 


After solving these problems we felt a strong connection between 
them, namely that their solutions were very similar to each other. 
Based on this, we deduce the main result of this chapter which helps us 
solve a lot of functional equations, including those mentioned above. 


Problem 161. Prove the following general Lemma: Assume that 
f: R — C is a continuous function that satisfies the following condi- 
tion: for any x, there is a number w and py, po,p3 E€ C|X] polynomi- 
als, such that f(nz) = p\(x)w™ + po(x)w™ + p3. Prove then that 
f(x) = pi(x)e + po(x)e~™ + ps for some fixed t, p2, p2, pz and all z. 
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Solution. We use the following helpful result: if Xf; p(n)w? = 
yo, a(n)r? for all n where r; and w; are two sequences of distinct 
numbers then for (qi, ri) are some permutation of (p;, wi). 

Proof: assume not. Then we can write J4, p(n)w?—0 2, q(n)r? = 
Si_; 8(n)u” where s; are not zero. Then the generating function of 
this recurrent sequence is also zero. However we know that the gen- 
erating function of it can be written as yy SSD where fi # 


x—u;) tg itD 
0, deg(f;) < deg(s;) and is not zero (if we multiply it by (x —u,)49*) 


then we get all terms divisible by (x —u;)9%)*4 except the term f;(£), 
so the sum cannot be zero). 


Let’s return to the problem. We shall consider only x = i. If for all 
rational x we have pı = p3 = 0 then f(nx) = p3(nz) for all n. Moreover 
ps does not depend on x, because if x, x’ are rational, p3 is defined for 
x and ps for x’ then if 3 = z then qnz = pnz’ so p3(qnx) = ps(qn2’) 
so p3 coincides with p} for infinitely many n so p = p}. So assume for 
some x we have pı or pọ non-zero. Without loss of generality z = 1. 
Let wg be the value of w defined for x = F, We claim we can pick up w; 
in such a way that wl, = wp by induction on i. Assume we can proven 
this for i < k and let’s prove it for i = k. We have f(%) = pı(Ẹ)wg + 
po(%)w;" + pa(Ẹ) and if din then f(%) = qi(%)w' + l2)uz" + (2). 

En —En ; : 
But f(3) = pi(5)wg +p:(3)wp? + p3(4). This applying the helpful 
k k 
result we deduce wi = wa or w = a In the second case we can 
k 


replace wą by + to ensure w = wg, so we conclude that wl, = wa if we 
oe k , dl 


set | = E, So we deduce pı = q1, p2 = 92, p3 = q3. Thus pı, po, p3 also do 
not depend on k thus we have f(%) = pi(Ẹ)wg + po(Z)w;," +p3(Z)- We 
can continue the proof just like in the proof of D’Alembert’s Equation 
to conclude that w, = ex for some w and we are done for x € Q. As f 
is continuous and Q is dense in R, we are done for all x. 


Problem 162. Find all continuous functions f,h,k: R — R that 
satisfy f(x +y) + f(x — y) = 2h(x)k(y) 

Solution. The problem is a generalization of the already difficult 
D’Alembert Equation. However as we shall soon see, the solution is 
not very difficult and quite analogous to D’Alembert’s Equation’s one. 
Pick up an x and set a, = f (nx). The condition written for ng instead 
of x and x instead of y gives us @n41 + an-ı = 2h(nx)k(x). However 
if we write the condition for nx instead of x and 0 instead of y we get 
2f(nxz) = 2h(nx)k(0). If k(0) = 0 then f is identically zero and it’s 
clear from here that either h or k is identically zero (otherwise pick up x 
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with h(x) £ 0 and y with k(y) Æ 0 to get a contradiction). Otherwise 
we get the linear recurrence an1 + an-ı = ba, where b = me. It’s 
associated polynomial is x? — bz + 1 and thus either a, = aw" + 8 oa 
where w # + are the solutions of the equation, or if z? — br + 1 has 
a double root —1 or 1 then a, = (cn + d) or a, = (cn + d)(-1)”. 
Now apply the previous result to conclude that f(x) = ae*” + Ge~%* 
for some constants a,a,3 or f(x) = ax +b. In the first case we get 
f(a+y) + f(x —y) = (ae + Be~*)(e% + ec”) = h(x)k(y). If we 
set y = 0 we get h(x) = c(ae™ + Be~*”) where c = HO) and from here 
we deduce k(y) = +(e% + e~%). It’s clear such functions satisfy the 
condition. If f(x) = ax+b then f(x+y)+4+ f(a—y) = 2ax + 2b possible 
only when h(x) = c(ax + b) and k is identically 2. 


Problem 163. Find all continuous functions f: R — R that satisfy 
faty+fyt+z)+ fet) =fty+z)+fa)+fy) tf 


Solution. If x = y = z = 0 we get 3f(0) =4f(0) so f(0) = 0. Set 
z = —y to deduce f(z+y)+f(z—y)+f(0) = flx)+fla)+fyt+f(-y). 
So f(at+ty)+ f(a—y) -—2f(x) = f(y) + f(—y). Then if we set a, = ng 
and x —> nz, y — x we get an+ı1—2an+an-ı = b where b = f(x)+f(—-y). 
If we set b, = an — bn? then we check that b,4, — 2b, + b,-1 = 0 
so bp = cn +d because the quadratic recurrence bys, — 2b, + by_1 
has associated polynomial (x — 1)?. Thus f(na) = $n? + cn +d and 
applying the lemma we get f(x) = az? +br+c. As f(0) =0c=0 so 
f(x) = ax? + bx which satisfies the condition. 


Problem 164. Find all differentiable functions f: R — R that 
satisfy 


fl +y)-— f(z- y) =y (æ +y)+ f'(x- y)) 


Solution. Set g(t) = f(x + t)— f(x — t). Then g'(t) = f'(x +t) + 
f'(x — t) so the condition tells us that g(y) = yg'(y) thus (2y =Q so 
gly) = cy. Thus f(x +y)— f(£—y) = cy for a fixed x. Next by taking 
y — 0 we find c = 2f'(x). So f(x +y) — f(a — y) = 2f'(x)y. As we 
know f(x +y)— f(x —y)=y(f'(x+y)+ f'(x — y)) we conclude that 
f'(x +y)+ f'(x — y) = 2f' (x). If we denote a, = f(nz), bn = f’(nz) 
we get bn+1 + bn-1 = 2bn so bn = an + b thus an+ı — an-ı = zhan + b) 
and from here we deduce a2, = ux? + vz + w for some u,v, w. Now 
by applying the lemma we get f(x) = ux? + vz +w and it satisfies the 
condition. 

Exercises 
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Problem 165.Find all continuous functions f,g: R — R that sat- 
isfy 
fla+y) + f(@—y) = 2f(x)9(y) 


Problem 166.Find all continuous functions f,g,h: R — R that 
satisfy 


fle@+y)+g(z—y) = 2(h(z) + hly)) 


Problem 167. Find all continuous functions f,g,h,k: R — R that 
satisfy f(x +y) + g(x — y) = 2h(x)k(y) 


Problem 168. Find all continuous functions f,g,h: R — R that 
satisfy 


Problem 169. Find all continuous functions f- R — R that satisfy 
Jeroe = F a a) 


The odd and even parts of functions 


This chapter exemplifies using the even part of a function (fe(£) = 
fa) i(-9) ) and the odd part of a function (f,(a) = Hafi) to find 
the function. The main advantages are that fe and f, are even, respec- 
tively odd, so they might be easier to find. 


Problem 170. Find all continuous functions f: R — R for which 
fla+y) + fe) fy) = fey + 1) 


Solution. If we replace x,y by —x, —y and compare with the initial 
condition we get f(x +y) + f(x) f(y) = f(—x—y)+ f(-2)f(—y). Now 
write f = g +h where g(x) = POr hfz) = KoA are the 
even and odd parts of f.So g(x +y) + h(x +y) + (g(x) + h(x)) (gly) + 
h(y)) = glz + y) — h(x + y) + (g(x) — h(z))(g(y) — h(y)) so we get 
2h(x + y) + 2g(x)h(y) + 2h(x)gly) = 0. Next we replace y by —y to 
get 2h(a — y) — 2g(x)h(y) + 2h(x)g(y) = 0 and from here h(a + y) + 
h(a — y) = —2h(x)g(y). We have solved this problem, with h being 
ccosax + dsinax or ccoshax + dsinhax and g = coshx which does 
satisfy the original condition, or h(x) linear and g(x) = 1 or h(x) = 0 
and any g. If h = a+ bz is linear then a = 0 as h is odd. As 
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f(x) = g(a) + h(x) f(x) = 1+ ba and substituting into the original 
condition we see that only 1+ x satisfies the condition. If h(a) = 0 then 
f is an even function. We then deduce f(x+y)+ f(x)f(y) = f(ay+1) 
and if we replace y by —y we get f(x —y) + f(x) f(y) = f(xy - 1) 
so f(x +y) — f(x — y) = f(xy +1) — f(xy — 1) = t(4xy) where 
t(x) = f(£+1) — f( — 1). Then we set r(t) = f(Vt) for t > 0 we 
conclude that r(x) — r(y) = t(x — y) for all x, y > 0 due to the identity 
(x+y)?—(x—-y)? = 4zy hence r(x)—r(y) = r(a—y) —r(0) and thus r is 
a linear function on R. We conclude that f(x) = a+ bx? and replacing 
into the original condition we get f(x) = x? — 1 or f(x) = 0. Hence 
there are three solution: f(x) = 1 — 2, f(x) = 2? — 1 and f(x) =0. 
Exercises 


Problem 171. Find all continuous functions f,g,h: R — R that 
obey 


f(a+y) + glzy) = h(x)h(y) +1 


Problem 172. Find all continuous functions f,g,h: R — R that 
obey 


f(z +y) + h(x)hly) = glzy + 1) 


Solution. This problem is very similar to the previous. Set y = 0 
to get f(x) + h(x)h(O) = g(1). From here f(x) = g(1) — h(x)h(0). 
Again we can suppose g(1) = 1 because otherwise we an subtract 
g(1) from both g and f and the condition will still hold. So we get 
h(x)h(y) —h(O)h(a+y) = g(ay +1). If h(O) = 0 we deduce h(x)h(y) = 
h(xy)h(1) = g(xy +1) so h(x) = ax’, g(x) = a?(x — 1)’. Otherwise we 
can suppose h(0) = 1. Then h(x)h(y) —h(a+y) = glxy +1). If we set 
y = 1 we get g(x + 1) = ah(z) — h(x + 1) so g(x) = ah(x — 1) — h(x) 
where a = h(1). Exactly like in the previous problem we conclude that 
either h(x) = 1+cz or h is even. For h(x) = 1+czx we get (l+cxr)(1+ 
cy) -l—c(at+y) = (1+c)(1+ cry) —1—c(xy +1) and by looking at 
the coefficient of zy we get c= 1 so h(x) = 1, f(x) = —1, g(x) = 0. If 
h is even then we get h(x)h(y) — h(x + y) = ah(xy) — h(xy + 1) and 
h(x)h(y) — h(x — y) = ah(xy) — h(zy — 1) thus h(x +y) — h(x — y) = 
h(xy + 1) — h(xy — 1) again so h(x) = cx? +1. We easily draw the 
conclusions from here. 


Symmetrization and additional variables 


Sometimes we have a condition in z, y, say u(x, y) = v(x, y) such that 
one side of it is symmetric in x, y but the other is not (or we can obtain 


80 


such a condition by an appropriate substitution). Then swapping x 
with y we get a new condition, which might prove helpful. For example 
if u(x, y) = u(y, x) then as u(x, y) = v(x, y) and u(y, x) = v(y, x) thus 
u(x, y) = v(y, x). In other cases we might need to add one additional 
variable to get one side of the equation symmetric. See the examples 
below. 


Problem 173. Find all continuous functions f,g,h: R — R that 
satisfy 


f(a +y) + gly) = h(x) + hy) 


Solution. Set y = 0 to get f(x) = h(x) + h(0) — g(0). So the 
condition rewrites as h(x +y) —h(x) —h(y) = g(xy) where replace g by 
g—g(0)—A(0) for simplicity. Thus h(a+y+z) = h(x)+h(y+z)+g9(ry 
xz) = h(x) + hly) + h(z) + g(yz) + g(xy + zz). Symmetrizing this we 
conclude that g(yz)+ 9(ry+2z) = g(xz)+g(xyt+yz) = glzy)+g(xz+ 
yz). As for a,b,c > 0 we can find z, y, z with yz = a, rz = b, ry = c we 
get g(a) +g(b+c) = g(b)+9(a+c)+g(c) + 9(a+)) and taking c — 0+ 
we get g(a+b)+9(0) = g(a) + 9(b). Next if we take a > 0,b < 0,c < 0 
we can also find z, y, z with yz = a, xz = b, xy = c so g(a) +g(b+c) = 
g(b)+g(a+c)+g(c)+g(a+b). Now taking c — 07 we get g(a)+g(b) = 
g(0)+g(a+b). Finally if we take a < 0,b < 0,c > 0 and take c — 0+ we 
get g(a)+g(b) = g(a+b) in this case too. So g(a+b)+g(0) = g(a)+g(b) 
holds for all non-zero a, b by continuity and then f(x) = az +b is linear. 
So h(a+y)—h(y)—h(z) = axy+b. If we consider H(x) = h(a«)—$a?+b 
then we see that H(x) + H(y) = H(x +y) so H(x) = cx. Therefore 
we find a representation h(x) = ux? + vx + w, g(x) = 2uz — w. The 
problem is now solved. 


Problem 174.Find all continuous f: R — R, solutions of the equa- 
tion 


f+ y) + fley) = f(x) + fly) + flay +1) 


Solution. Set g(x) = f(x+1)— f(x). Then f(x+y)-— f(z)—f(y) = 
g(xy). Then f(x +y+z)— f(z+y)-— f(z) = g(xz +yz) so f(z +y + 
z) — f(x) — fly) — f(z) = g(az + yz) + g(zy). Due to the symmetry 
among x,y,z we conclude that f(z + y+ z) — f(x) — f(y) -— f(z) = 
g(xz + yz) + 9(ry) = gaz + xy) + g(yz) = g(zy + yz) + g(xz). Now if 
we set a = ry,b = yz,c = xz we get g(a+b)+g(c) = gla +c) +gb) = 
g(b + c) + g(a). The condition that a = ry,b = xz,c = yz can be 
satisfied if abc > 0 by setting x = ae y= sabi, Z= va, Thus we get 
gla+b)+g(c) = gla +c) +gb) = g(b+ c) + gla) for abc > 0. Now we 
claim g(x + y) + g(0) = g(x) + g(y) for xy # 0. Indeed either for z < 0 
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or for z > 0 we have xyz > 0 thus g(a+y)+g9(z) = g(a+z)+ f(y). Now 
taking z — 0 we obtain g(x +y) + g(0) = g(x) + gly). This also holds 
by continuity even when ry = 0. Hence g(x) — g(0) is additive thus 
g(a) = ax +b is linear. Hence f(x + y) — f(x) — f(y) = avy +b. Now 
if we set h = f(x) — $x? +b then we see that h(x +y) — h(x) — h(y) = 


f(x4 Lan y) ṣ De E Oa EE (f(z +y)— 


f(a) -fly +l? y- (ry) -b = ary+b—axry—b = 0. Hence h is 
additive so h(x) = cx. We conclude that f is a polynomial of degree at 
most 2. Let f(x) = az?+br+c. We have f(x+y)+ f(xy) = alz +y} 


b(x+y)+c+ax*y? +bry4 eae yah (a+ b)ry+b(x+y)+2c 
while f(x) + f(y)+ f(ay+1) = az*+ba+ct+ay?+y*?+c+a(ry+1)? 
b(zy +1) +c = alr? +y’) +ar7y? + (2a4 b)xy + b(a2+y) +a+b+4 3c. 
Therefore by comparing the two expressions we get a+ b+c = 0 hence 
f(x) = ax? + br — a — b. These functions clearly satisfy the condition. 


Problem 175.Find all functions f: R — R obeying 
f((e—y)’) = fP(@) — 2afty) +y 


Solution. Symmetrize the condition to get f((z — y)?) = f?(x) — 
2xf(y) +y? = x? — 2f(x)y + f?(y) and the equality of the last two 
expressions can be written as (f(a) +y)? = (f(y) +2)”. One can guess 
that only the function f(x) = x +a, f(x) = —x satisfy the condition. 
Indeed, assume that f(a) Æ —a. Let f(a) = b. Pick up another c 
and let f(c) = d. We wish to prove that d = c+6-—a. Indeed, we 
have (a + d)? = (b+ c)? so either d = c +b — a or d = —a — b — c. 
If it is the latter, pick up any z. We have (f(z) + a)? = (x +b) 
so either f(z) = x+b-—aor f(x) = —xr—b-— a. We also have 
(f(z) +c)? = (x -a—b-—c)? so either f(x) = x — a — b — 2c or 
f(z) =a+b-—z. It follows that the sets {x +b — a,—x — a — b} and 
{x —a—b—2c,a+b—<x} must intersect. We can pick up such an 7z that 
satisfies xr +b—a #a+b—Zz and also-—x—a—b#2+a—b—2c. Then 
either x +b—a=x—-—a—b—2cor —x—a-— b= a+b- r thus either 
b+c=0ora+b=0. a+b #0as f(a) a. Hence b+c = 0 and in this 
case d = —a—b—c=c+b—a. Hence d = c+b—a so f(c) =c+b—-a. 
As c is arbitrary, we get f(z) =x +b-— a. This guarantees our claim, 
so f(x) = —zx or f(x) = x+a. It remains only to check which of them 
satisfies the condition. f(x) = —zx then f(x — y)? = —(x — y)? while 
F(x) — 2z f(y) +y? = xz? + 2ry + y? = (x +y)? and the condition is 
not satisfied. f(x) = x +a then f((x — y)?) = x2? — 2xy + y? +a while 
f?(a)-2xf(y)+y? = (w+a)?—22(y+a)+y? = x?—-2ry+y?+a? so the 
identity hold if and only if a? = a or a = 0,1. So f(z) = x, f(x) =x+4+1 
are the solutions of the problem. 
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Exercises 


Problem 176.Find all functions f :: R — R for which 
fæ +y) = fe) fy) Fly) 


Problem 177. Find all continuous functions f: R — R such that 
fæ +y) + fley- 1) = f(x) + fly) + F(zy) 


Problem 178. (Hosszu’s functional equation) Show that a function 
f :: R— R which satisfies 


flet+y—sy) + f(xy) = fle) + f) 


is an additive function plus some constant. 


Problem 179.Find all functions f :: R — R for which 


tf(z)—yf(y) =(z—y)flet+y) 
holds. 


Functional Inequalities without Solutions 


Problem 180. (Bulgaria ’1998) Prove that there is no function 
f: R* — R* such that 


P(x) > fe@+y\(f(z) +y) 
for all x,y € Rt. 


Solution. Suppose that there is a function f with the given prop- 
erties. Then 
flx)y 


fla) — fle +u) > soe (1 


which shows that f is a strictly increasing function. Given an x € Rt 
we choose ann € N such that nf(x +1) > 1. Then 


k k+1 f(s + £).ż 1 
fes 2 n 


1 
n 
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for any k € N. (Note that nf (=+ = > nf(x +1) > 1.) Summing 


up these inequalities for k = 0,1,...,n — 1 we get 
1 
f(x) — f(@+1)> 5° 


Now take an m € N such that m > 2f(x). Then 
fle)-fla+m) = (F(@)-flet+)))+---+(f(etm—1)—fle+m)) > 


Hence f(x +m) < 0, a contradiction. 


> f(x). 


Problem 181. Prove that there is no function f: R — R such that 
f(0) > 0 and 


fe +y) 2 F(z) +yf(F(2)) (1) 
for all x,y E€ R. 


Solution. Suppose that there is a function f with the given prop- 
erties. If f(f(x)) < 0 for any x € R then 


Fæ +y) > fle) + yf(F@)) > F(a) 


for any y < 0 and the function f is decreasing. Now the inequalities 
f(0) > 0 > f(f(x)) imply f(x) > 0 for any z, a contradiction to 
f(f(x)) < 0. Hence there exists z such that f(f(z)) > 0. Then the 
inequality 


flz+a) 2 SIFER) 
shows that im f(x) = +œ and therefore lim f(f(z)) = +oo. In 
particular, there exist x,y > 0 such that 
xr+1 
f(x) > f(f))>1, y= TGE —1’ filet ye 1) 20. 
Then 
fle+y) = fle) +yf(f(z)) =zt+y+l 

and therefore 
fflet+y) 2 fe+yt+l+F@t+y)—-(e+yt+))f(f@tyt+)) = 
> f(et+y+1) > f(ety)t+f(fety)) > fle)tyf ES ay) > fF (ety), 
a contradiction. 

Remark. Note that the only function f: R — R with f(0) = 0 and 
satisfying the inequality (1) is the constant 0. Indeed, as in the second 


part of the above solution we conclude that f(f(x)) <0 for alla € R. 
On the other hand setting x = 0 in (1) gives f(y) > 0 for all x. Hence 
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f(a+y) > f(x) for any x,y € R which easily implies that f(x) = 0 
for all x. 

It is not known to the authors if there is a function f: R — R with 
f(0) < 0 and satisfying the inequality (1). 


Exercise 


Problem 182. (Romania ’2001) Prove that there is no function 
f: R* — R* such that 
fe +y) 2 f(x) + yf) 
for allz,y € Rt. 
Miscellaneous 


Problem 183. (Iran 1998)Let f: Rt — Rt be a decreasing func- 
tion that satisfies 


Fæ +y) + (f(x) + fy) = FF@+ fy) + Fy + F(2))) 
Show that f(f(x)) =a. 


Solution. Set y = x so get E = f(2r) + f(2a) = f(2f(a+ x)) 
where a = f(x). Now replace x by f(x) to get F = f(2b) + f(2a) = 
f(2f(a + b)) where b = f(f(x)). If b < x then f(a+b) > f(a+ zx) so 
f(2f(a+b)) < f(2f(a+z)) as f decreasing. Also f(2b) > f(2x) hence 
we get f (2x) + f(2a) < f(2b) + f(2a). So we get F > E from the first 
relation and F < E from the second, contradiction. If b > x then we 
change the signs to get F < E and F > E again contradiction. So 
b=r. 


Problem 184. Find all continuous functions f: R — R that satisfy 
the equation 


Fæ + yf(a)) = f@) FY) 


Solution. f = 0 or f = 1 satisfy the condition. Next set y = 0 to 
get f(x) = f(x) f (0) thus if f is not identically zero we get f(0) = 1. If 
f(x) = 1-+ az is linear then we get f(a +yf(x)) = f(a@+y(1+az)) = 
f(et+tyt+azr) =1+ar+ay+a%r = (14+ az)(1+ ay) = f(x) f(y). If 
f(x) #1 and y= G then we get x +yf(x) = y hence the condition 
says f(x) f(y) = f(y). As f(x) #1 we get fe) = 0. So if f is not 
identically 1 then the set A of t for which f(t) = 0 is not empty. Now if 
t € A,x É Athen set y = F to get r+yf(y) = t and from here we get 


0 = f(t) = f(x) f(y) so f(y) = 0 so FT € Alf ts) is constant then f 
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is linear but linear functions were already investigated by us, otherwise 
t-r 


FGJ is a continuous non-constant function so A contains infinitely many 
numbers. Without loss of generality A contains infinitely many positive 
positive numbers (the second case is analogous). Let b = inf AN RT. 
As A is closed b € A but [0;b) does not intersect A. As f(0) = 1 we 
deduce f is positive on [0;b). Thus if x in [0;b) then g(x) = g5 € A 
where c € A,c > b. But g(0) = b, lim,_.y g(x) = oo hence we conclude 
that [b;00) C A. Then if  ¢ A we get h,(y) = x +yf(x) € A if and 
only if y in A. Therefore h,(y) € A as y < b but h,(b) € A which is 
possible only when h,(b) is a bordering point of A as A is closed. But 
h,(b) is continuous in x. As b cannot be written as a limit of bordering 
points of A except b itself, we conclude that h,(b) = b for all x € [0; b]. 
So z +bf(x) = b hence f(x) = &* for x in [0; b]. If A contains negative 
points let —c € A,c > 0. Then set y = —c to get f(x — Ora) =) 
But is x is sufficiently close to b and less than b, 0 < x — ous =< b. 
Contradiction. Hence A contains no point in R~ and by continuity 
of h on (—o0;b) we conclude h is constant so f(x) = 5* for x < b, 
f(x) =0 for x > b. If A contains negative numbers, we get analogously 
that f(x) = 5* for x > b, f(x) = 0 for x < b, where b is negative. 
These two functions can be checked to verify the problem. Together 
with f = 0 and f = 1 they form the answer set. 


Problem 185. Suppose f: Q — {0,1} is such that f(1) = 1, f(0) 
0 and if f(x) = f(y) then f(") = f(x) = f(y). Prove that f(x) = 


whenever x > 1. 


1 


Solution. Let A = {x|f(x) = 1},B = {a|f(x) = 0}. We have 
that if x,y belong to a set, then zty also belongs to the same set. If 
2 € B then 1 = 240 € B, contradiction, so 2 € A. Next we prove by 
induction on n that n € A. If n = 2k then as 0 € B, 2k € B would 
imply 2k +0 = k € B contradicting the induction step. If n = 2k +1 
then we prove like above that 2k,2k +2 € Aso 2k + 1 = 2h okt? EA. 
Now assume that f(1 +a) = 0 for a > 0. We prove by induction on n 
that 1+ na € B like above: if n = 2k then 1 + 2ka € A together with 
1 € A would imply 1+ ka € A contradicting the induction hypothesis, 
and if n = 2k + 1 then we show that 1+ 2ka, 1 + (2k + 2)a € B hence 
their mean 1 + (2k + 1)a is also in B. Finally if n is such that na € N 
then 1 + na which contradicts our conclusion above that all natural 
numbers are in A. QED. 
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Problem 186.Find for which a there exist increasing multiplicative 
functions on N (i.e. f(n) < f(n+1), f(mn) = f(m)f(n) if (m,n) = 1) 
with f(2) =a. 


Solution. We claim the function must be f(n) = në for some k. 
Assume f(x) = x”, f(y) = y”. If zë < y! then r“! < y” and if zë > y! 
then «“* > y”. Pick up now k and let l be the biggest for which y! < g*. 
Then x* < yit! so we get yt! > g! > y”. Now if v > u we cannot 
have c¥* > y” for sufficiently big k, as c#* > y” > yttHlo—y) > yetti) 
for l > -= Ifu> v then yT > gF so y”! > a) > g for k > + 
again contradiction. Thus taking k > + if u > v or k such that 


xë > yt! if u < v we would obtain contradiction. So u = v and 


hence f(x) = x” for all z. As f is from N to N, we must have u integer. 
So a must be a power of 2, and conversely if a = 2" then f(x) = 2* is 
good. 


Problem 187. (Russia ’2005; a slight generalization) Let f : R — R 
be a bounded function such that 


Paty) = f(x) + 2f(zy) + fy) 
for any x,y. Prove that —2 < f(x) < 0 for any z. 


Solution. First, we shall prove that f(x) < 0 for any x. Let M = 
sup |f(x)|. Then there is a sequence 21, £2, ... of non-zero real numbers 
x#0 


such that |f(£„)| —> M. Fixing an z, it follows that 


) > f(tn) + 2f (2) -e ( ) 


x x 
Tn 


VEER (on + 
In 
> f'(@n) + 2f(#) > M? + 2f(2). 
Thus, f(z) < 0. 
Then M = — a |f(x)|. Now the inequalities 


M? > f?(2an) > 2f (£n) + 2f (22) > 2f? (an) + 2M —> 2M? + 2M 


imply that M? > 2M? — 2M, that is M(M — 2) < 0. Since M > 0, 
then M < 2, which means that f(x) > —2 for any x # 0. It remains to 
observe that the inequalities f?(0) > f?(0)+2f(0)+ f° (0) and f(0) < 0 
implies that f(0) > —2, too. 

Remark. Obviously the constant function 0 and -2 satisfy the given 
inequality. We claim that the unbounded functions x and —x also 
satisfy it. 
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Problem 188. (IMO ’2005, shortlisted problem) Find all functions 
f :R— R such that 


(1) fle +y)+ fla)fly) = fley) + 2ry+1 


for any x,y. 


Solution. It is easy to check that the functions f(x) = 2x — 1, 
f(x) =—x-—1 and f(x) = xz? — 1 satisfy (1). We shall prove that there 
are the only solutions of the problem. 

Setting y = 1 gives 
(2) f(a@ +1) =af(x) +22 +1, 
where a = 1 — f(1). Then we change y to y + 1 in (1) and use (2) to 
expand f(z +y-+1) and f(y +1). The result is 
al f(a +y) + Fe) Fy) + (2y +1) + fle) = fle + 1)) + 2ay +1, 


or, using (1) again, 


a( f(xy) + 2ay +1) + (2y +1)(1+ f(x) = f(a(y+1)) + 2ry + 1. 


1 
Set now x = 2t and y = 5 to obtain 


a( f(—t) — 2t+ 1) = f(t) —2t+1. 
Replacing t by —t gives also 
a( f(t) + 2t+ 1) = f(—t) + 2t+1. 
We now eliminate f(—t) from the last two equations. Then 
(3) (1 —a)?f(t) = 2(11 —a)*t+ a? - 1. 
Note that a 4 1 (or else 8t = 0 for any t, which is false). If additionally 
a #1, then 1 — a? Æ 0; therefore 


l-a 
f= 25 


+a 
Setting t = 1 and recalling that f(1) = 1 — a, we get a = 0 or a = 3, 
which gives the first two solutions. 
Let a = 1. Then (1) implies that f is an even function. Set now 
y = x and y = —2z in the original equation. It follows that 


f(2x) + f(a) = f(w*) + 22° +1, f(0) + fe) = fl’) -22° +1, 


respectively. Subtracting gives f(27) = 4x? + f(0). Set x = 0 in (2). 
Since f(1) = 1—a = 0, this yields f(0) = —1. Hence f (22) = (2x)? —1, 
i.e., f(x) = x? — 1. This completes the solutions. 


t=: 
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Problem 189. (IMO ’2005, shortlisted problem) Find all functions 
f: R*+ — R* such that 


Fæ) Fly) = 2f (x + yf (x) 


for any x,y > 0. 


Solution. First, we shall show that f is increasing. Indeed, suppose 
that f(x) < f(z) for some x > z > 0. Setting y = (~©—z)(f(x)—f(z)) > 
0, it follows that x + yf(x) =z+yf(z). Then 


FS) = 2f (a + yf(@)) = 2F(2 + yf (2) = FF), 


therefore f(x) = f(z), a contradiction. 
Assume now that f is not strictly increasing, i.e., f(x) = 
some x > z > 0. Ify € (0, (x—z)/f(x)], then z < z+yf(z) > 


f(z) 2 fle+ yf 2) 2 Fe) = Fle) 
and therefore f(z + yf(x)) = f(x). Thus, 


ffu) = 2f(z + yf (2) = 2f (x) = 2F(z) 
which implies that f(y) = 2 for all y in the above interval. 
But if f(yo) = 2 for some yo > 0, then 


4 = f?(yo) = 2f (yo + yof (Yo)) = 2f(3y0). 


So, f(3yo) = 2 and by induction f(3"yo) = 2 for any n € N. Since f is 
increasing, it follows that f = 2. Obviously, this function satisfies the 
given equation. 

Assume now that f is a strictly increasing function. Then 


f(x) Fly) = 2f(@ + yf(x)) > 2f (x) 
implies that f(y) > 2 for any y > 0. On the other hand, 


2f(z+ f(z) = F(@)FQ) = FOF(e) = 2f(. + ef (1) 
and since f is injective, we obtain «+ f(x) =1+<2f(1). Thus, f(x) = 
x(f(1)—1)+1 for any x > 0. Taking a small x, we get the contradiction 
f(x) <2. 

Remark. Similar arguments if k > 0, k 4 1 and f : Rt — R+ 
satisfies the equation f(x)f(y) = kf(x +yf(x)) for any x,y > 0, then 
f =k. On the other, the case k = 1 is the Golab-Schinzel equation and 
its solutions are f = 1 and f(x) =ax+1. 


f(z) for 
x. Hence 


Problem 190. (Romania 71998) Find all functions f : R > Rọ 
such that f(a? + y?) = f(x? — y?) + f(2zxy) for any z, y. 
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Solution. It is easy that for any a, b there are x, y such that 7?—y? = 
a and 2ry = b. Since x? +y? = Va? + b2, the given equations becomes 


fla) + f(b) = f(v a? +b). 
In particular, f(a) = f(—a), i.e., f is an even function. For a > 0 set 
g(a) = f(a). Then g(a) + g(b”) = g(a? + 67), i.e., g is a non-negative 
additive function on Rj. Therefore g(x) = cx and hence f(x) = cz’, 
where c > 0 is a constant. 


Exercises 


Problem 191. (IMO ’2003, shortlisted problem) Find all function 
f: Rt — R*+, which are increasing in the segment [1, co) and such that 


f(ayz) + fe) + FY) + fF) = Fen) f( Vaz) S (vz) 


for any x,y,z > 0. 


Problem 192. (AMM 1998) Find all functions f: N? — N that 
satisfy: 

a) f(n,n) = n; 

b)f(m, n) a f(n, m); 


JAn — ntm 


f(m,n) n ' 


Problem 193.Find for which a there exist increasing multiplicative 
functions on N (i.e. f(n) < f(n+1), f(mn) = f(m)f(n) if (m,n) = 1) 
with f(2) =a. 


Problem 194. Find all functions f: Z — Z that satisfy: 

a) if pm — n then f(m) = f(n). 

b) f(mn) = f(m) f(n) 

Problem 195. Find all f: No —> No that satisfy 
FPM) + fP(n)) =m? +n? 


Problem 196. (Bulgaria ’2003) Find all functions f : R — R such 
that 


(1) f(a? +y+fly)) = 2y + f7(2) 


for any x,y 
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Problem 197. (Bulgaria ’2006) Let f : Rt — R* be such a function 


that 
fæ +y) — fle- y) =4V f(x) fly) 


for any x > y > 0. 
a) Prove that f(2x) = 4f(zx) for any x > 0. 
b) Find all such functions f. 


Problem 198. (Ukraine ’2003) Find all functions f : R — R such 
that 


f(ef@+fy))=srty 


for any x,y (compare with Problem 92). 


Problem 199. (Bulgaria ’2004) Find all non-constant polynomials 
P and Q with real coefficients such that 


(1) P(x)Q(a + 1) = P(x + 2004)Q(z) 
for any x € R. 


Solutions to exercises 
Constructive Problems 


Problem 3.Find all functions f: N — R which satisfy f(1) 4 0 
and 


PA) + £2) +...4+ Pn) = fn)f(n +1) 


Solution. It’s clear that f(n) # 0 as the RHS of the condition 
is positive. Now by subtracting the condition written for n from the 
condition written for n+1 we get f(n+1)? = f(n+1)(f(n4+2)—f(n)) 
thus reducing by f(n + 1) # 0 we get the Fibonacci-type relation 
f(n+2) = f(n+1)+ f(n). If we set a = f(1) then taking n = 1 we get 
f(2) =a, thus f(n) = aF, by induction using the recurrent relation. 
It’s clear that this function satisfies the condition by induction, as this 
is clear for n = 1 and the induction step was proven to be equivalent 
to the true relation f(n +2) = f(n+1) + f(n). 


Problem 7.Find all functions f: N — R for which f(1) = 1 and 


S f(d) =0 
d|n 


whenever n > 2. 
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Solution. A good example is the Mobius function, which is multi- 
plicative. The fact that f is multiplicative too ie. f(mn) = f(m)f(n) 
for (m,n) = 1 can be proven by induction on m + n just like in the 
previous problem. Indeed, if m,n > 1 we get 0 = Ylaimnf(@) = 
Ddilmda|n F (did) = f(mn) — f(m) Fin) + am FD) Quan Fd) = 0 
so f(m)f(n) = f(mn). Next writing the condition for n = p* (p 
prime) for k > 1 and subtracting it from the condition for p*t! we 
get f(p*t!) = 0. Therefore f(p*) = 0 for k > 2. And writing the 
condition for p prime we get f(p) = —1. Therefore if n = [] p;* 
then f(n) = [I f (p) so f(n) = 0 if some of k; is greater than 1 and 
f(n) = (-1)* where k is the number of prime divisors of n otherwise. 
This is Moebius function. 


Problem 8.Find all functions f: N — N that satisfy f(0) = 0 and 


f(r) =1+ FED 
for alln € N. 


Solution. This is seen as a recurrence. To compute f(n), we need to 


compute f([7]) first. To compute f([}]) we need to compute KE) = 
f([5]) and so on. Thus if n > k"~', by repeating this argument we get 
fin) =r + f(E]. Thus if k” <n < ft! then f(n) =r+1+4+ f(0) = 
r+1,so f(n) =14 |log,n] for n > 0. It clearly satisfies the condition. 


Note We have used in the proof the identity ES = [=] where 
m,n E€ N. Indeed, if a = [= ],b = [Z] then mna < x < mna + mn, 
thus na < = < na +n hence na < b < n(a+ 1) so [2] =a, and we are 
done. The problem could be solved without this identity, if we would 


look at the representation of x in base k. 


Problem 87. Let k € Z. Find all functions f: Z — Z that satisfy 
f(m+n) + f(mn—1) = f(m)f(n) +k 


Solution. This is a generalization of the previous problems. We 
have already investigated the cases k = 2,k = 0 so we shall not deal 
with them any more. If f = c is constant then 2c = c? +k so (c—1)? = 
1—k hence f(z) = 14 V1—k if V1—k is an integer. So assume 
f is not constant. Set m = 0 to get f(n)(1 — f(0)) = k — f(-1), 
possible only for f(0) = 1, f(—1) = k. Next set m = —1 to get 
f(n—1)+ f(—n-1) =kf(n) +k. If we replace n by —n the left-hand 
side does not change hence neither does the right-hand side so f is 
even (recall that k # 1). Therefore we can write f(n —1)+ f(n+1) = 


92 


kf(n) +k. If k = —1 we get f(n—1)4+ f(n) + f(n +1) = —1 and 
we deduce f(3k) = 1, f(8k +1) = —1 which satisfies the equation. If 
k = 1 we get f(n—1)4+ f(n—1) = f(n) +1. In this case we prove 
by induction on |n| that f(n) = 1 so f is not constant. If k = —2 
then we have f(n — 1) + 2f(n) + f(n +1) = —2 so a, = f(n) + 3 
satisfies the equation an-ı + 2an +@n+41 = 0 whose polynomial equation 
£z? + 2x + 1 has double root —1 thus a, = (an + 6)(-1)". As f is 
even an = a-n Which is possible only for a = b = 0 so a, = 0 hence 
f is identically —5, which is not possible. Finally if |k| > 2 then set 
an = f(n) + os. It satisfies the condition an-ı — kan + dni, = 0 
with associated equation z? — kx +1 = 0. This equation has two 
roots r,+ where |r| > 1. Then we find a, to be cr” + d(4)". As f 
is even, An = a_n S0 cr” 4 d4 = c+ + dr” or (c — d)(r” — =) so 
c = d # 0 as the function is not constant. Then f(n) ~ cr” for 
n— oo. We set m =n —> œ to get f(2n) + f(n? — 1) = f2(n) +k. 
But f(2n) + f(n? — 1) er™!, f2(n) +k Cr”, and for n > œ we get 
contradiction. So are there are no solutions in this case. 


Problem 88. Find all functions f: Z — Z that satisfy 
f(m+n) + f(mn) = f(m)f(n) +1 


Solution. Set m = 0,n = 0 to get 2f(0) = f?(0) +1 so f(0) = 1. 
Next set m = —1,n = 1 to get f(0) + f(-—1) = f(1)f(—1) + 1 so 
f(-1)(fQ) -— 1) = 0. If f(1) = 1 then set m = 1 to get f(n+1) + 
f(n) = f(n) + 1 hence f is identically 1 which satisfies our condition. 
If f(—1) = 0 set m = —1 to get f(n —1) + f(—n) = 1. Also set 
m = 1 to get f(n+1) = f(n)(f(1) —1) +1. If a= f(1) — 1 we get 
f(n+1) =af(n) +1. From here (a—1)f(n+1)—-1=a((a—-1)f(n)- 
1). We conclude that (a — 1)f(n-—k) -1 = (a — 1)f(n)— 1). So 
a¥|(a — 1)f(n)— 1 for any k which is possible only when f(n) = 
or a = +1. If f(n) = 4 then f(1) = a+1 = 4 so@ = 
impossible. Hence a = +1. If a = 1 we get f(n + 1) = f(n) + 
so f(n) = n + 1 by induction on |n|, which obeys the equation as 
(m+n +1)+ (mn +1) = (m+ 1)(n+1)+1. If a = —1 we get 
f(n+1) = 1-— f(n). We conclude by induction on |n| that f(n) = 1 
if n is even and f(n) = 0 if n is odd. Indeed, if m,n have the same 
parity then m+n is even so f(m +n) = 1 and also f(m) f(n) = f(mn) 
so the condition holds, while if one of m,n is even and the other odd 
we get f(m +n) = 0, f(mn) = 1, f(m)f(n) so the condition holds 
again. Hence all solutions are given by f(n) = 1, f(n) = n+ 1 and 
f(n) =1—n mod 2. 
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Problem 28.Find all functions f: Z — R satisfying 
f(a +b? + è) = f(a’) + f°) + E) 
whenever a,b,c € Z. 


Solution. If we try to set f(x) = cx we get c = 0,1,-1. If we 
try to set f(z) = c we getc=0,c= Ez. We try to prove that this 
are the only solutions. Firstly we want to find a way of computing 
f(n) by induction on |n| (we note that f(0)? = f(n? + (—n)? + 03) = 
f(n) + f(—n)? + f(0)? so we can easily compute f(—n) from f(n). 
To do this, note that if a? + b3 +c? = m? + n? + p? then f(a)? + 
F + FA = f(m)? + f(n)? + fp). So if we can write n? as a 
sum of five cubes of numbers having absolute value less than n, or we 
can write n as sum of three cubes of numbers having absolute value 
less than n, then we are done. So let’s find such representations. We 
note 53 = 444 4 — 18 — 18 — 13,73 = 68 + 4 + 43 — 18 + 08,6? = 
33 +43 +53, hence for all numbers multiples of 5,7,6 we are done. Also 
32 = 33 +28 — 18 — 18 — 13, 64 = 33 +33 +28 +13 +13, 16 = 23 + 23,8 = 
23 + 0 + 0%, therefore this also holds for n = 2% for k > 4. Finally 
if we have n = 2™(2a + 1), then if a is 1,2,3 then n is a multiple 
of 5,7 or 6 and we have proven this case, otherwise if a > 4 then 
(2a + 1)? = (2a — 1)? + (a + 4)? — (a — 4)? — 53 — 1° and we get the 
result by multiplying by 2”. So f is uniquely determined by f (0), f(1) 
(since then we compute f(2) = f(18 + 13), f(3) = (18 + 18 + 1°) and 
use the method above to deduce f). So let’s look at f(0) and f(1). 
By setting a = b = c = 0 then we get f(0) = 3f (0)? thus f(0) = 0 
or f(0) = Ea If f(0) = 0 then setting a = 1,b = c = 0 then 
f(1) = f(1)° hence f(1) = 0,1,—1 in which case we get the solutions 
f(x) = x, f(x) = —z, f(x) = 0. Now assume f(0) 4 0. Without 
loss of generality let f(0) = T (the second case is analogous since 


we could look at —f instead). Then by setting a = 1,b = c = 0 
we deduce f(1) = f(1)*? + 2f(0)3, which is a polynomial equation in 
f(1) with solutions B Te EFL) a then we get the solution 
f(x) = 5 We are left with the case f(1) = -5 Also f(0) = f(—a+ 
x’ +08) = f(—x)? + f(x)? + f(0)? therefore f(—x)? = — f(x)’ + 5 
Thus f(—1) = a | WE = NE so f(—1) = a = —f(1). Then 
f (a3) = f(a? +12 +(-1)3) = f(x)? + f(1)3+ f(—1) = f(x)’. From the 
other side, f(x*) = f(x? +0?+0%) = f(x)? +f(0)?+f(0)? = f(a) +355 
contradiction. All the cases are now investigated. 
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Problem 31. Let f be a strictly increasing function on N with the 
property that f(f(n)) = 3n. Find f(2007). 


Solution. We have f(f(1)) = 3. If f(1) = 1 this is impossible. 
Hence f(1) > 1 and then f(f(1)) > f(1) so f(1) < 3 and f(1) = 2. 
So f(2) = 3. Then f(3) = f(f(2)) = 6 and we get by induction on 
k {(3"). = 23", f(2 - 31) = 3". Then: (3) = 6, f(6) = 9 and as f 
is increasing we get f(4) = 7, f(5) = 8. Thus f(7) = 12, f(8) = 15. 
We then come to the following hypothesis: If 3° < n < 3**! then 
f(n) =n4+3* forn <2-3*, f(n) = 3(n — 3*) for n > 2-3*. Indeed 
this function is increasing and the assumption holds for k = 1. We now 
reason by induction: Assume that it holds for k = m— 1 and let’s prove 
it for k =m. Assume 3" <n < 2-3™. If n = 3s then f(n) = f(3s) = 
f(f(f(s))) = 3f(s) = 3(s+3"71) = n+3™ by the induction hypothesis. 
If 3s < n < 3s +3 then f(3s) < f(3s+1) < f(8s+2) < f(3s + 3). 
But we have proven f(3s) = 3" + 3s, f(3s +3) = 3™ + 3s +3. As f 
is increasing, we can only have f(3s +1) = 3™ + 3s + 1, f(3s+ 2) = 
3” + 3s +2 and so f(n) = n+ 3”. If now 2-3" < n < 3™+! then 
3” <n — 3" < 2-3"! thus f(n — 3”) =n so f(n) = f(f(n—3™)) = 
3(n — 3). The induction step is proven and so we have found f. It 
remains to see that 2 - 3° = 1458 < 2007 < 3’ = 2187 so f(2007) = 
3(2007 — 36) = 3(2007 — 729) = 3834. 


Problem 36. Find all functions f: N — N satisfying 
f(m+ f(n)) =n + f(m +k) 
for m,n € N where k € N is fixed. 


Solution. It’s clear that f is injective (if f(nı) = f(n2) taking 
n = N1,N2, the left-hand side of the condition stays the same, while 
right-hand side is nı + f(m+k), respectively no+ f(m+ k), so nı = nə). 
Now let’s symmetrize the condition, by taking n > f(n + k). We get 
f(m+ f(f(n+k))) = f(n+k)+ f(m+k). Tossing m and n we get 
f(nt+f(f(m+k))) = f(n+k)+f(m+k) and the injectivity of f gives us 
n+f(f(m+k)) =m+f(f(n+k)), or if we take x = m+k,y =n+k we 
deduce f(f(x))— x = f(f(y)) -—y =aso f(f(x)) =x+a. Then a > 0. 
Now set n — f(n) to get f(m+n+a) = f(n)+f(m+k). Interchanging 
m,n we get f(m +n +a) = f(m)+ f(n + k) so f(n + k) — f(n) = 
f(m+k) =b. So f(n +k?) = f(n) +k thus f(f(n+k?)) = f(f(n) + 
bk) = f(f(n)) +b. But f(f(n+k?)) =n+k? +a, f(f(n)) =n+a 
which implies b? = a? so b = a as b is clearly non-negative. Therefore 
f(m+n+a) = f(m) + f(r) +a. This Cauchy-type equation can be 
solved in a usual way: f(m +n +a) = f(m+n-—1)+f(l)+a= 
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f(m) + f(n) +a so f(m+n—1)4+ f(1) = f(m) + f(n). Now set 
m = 2 to get f(nt+1)+ f(1) = f(2)+ f(n), and therefore f is a linear 
function. If f(x) = cx + d then substituting into the condition we get 
cim+en+d)+d=n+c(m+k)+d so c(en +d -— k) =n which is 
possible only for c = 1 (as c > 0) and d = k. So f(x) = zx + k and it 
satisfies the requirements. 


Problem 77. Let f,g: No — No that satisfy the following three 
conditions: 


i) fQ) > 0,9(1) > ‘ 


ii) f(g(m)) = g(F(n)) 

iii) f(m? + g(n)) = f?(m) + g(n); 
iv) g(m? + f(n)) = 9?(m) + f(n). 
Prove that f(n) = g(n) =n. 


Solution. If we set m = 0 into iii) and iv) and compare them we 
get f7(0) + g(n) = f(9(n)) = 9(F(n)) = 9°) + f(n) so f(n) — g(n) = 
f?(0) — g?(0). Particularly if we set n = 0 we get f(0) — g(0) = 
f?(0) —g°(0) or (f(0) — 9(0))(F(0) + g(0) — 1) = 0 so either (0) = g(0) 
or f(0) + g(0) = 1. If it is the latter the one of f(0),g(0) is 1 and 
the other is 0. As the conditions are symmetric in f,g we can suppose 
f (0) = 1,g(0) = 0. Then set m = 1,n = 0 into iii) to get f(1) = f?(1) 
so f(1) = 1. Now we set m = 1,n = 1 into iv) to get g(1) = 1. 
So g(1) = f(1). But this contradicts the fact that f(n) — g(n) 
f?(0) — g?(0) = 1. Hence we have f(0) = g(0) and thus f(n) = g(n 
So the conditions iii) and iv) merge into f(m?+ f(n)) = f?(m) + f( 
Next let A = {f(x) — f(y)}. If u = f(x) — f(y) € A then u + f7(1) 
fO + f(z)) — f(y) € A hence A contains all multiples of k = f?(1) 
it contains 0. Now let f(a) =b. Assume that b # a. Pick up n > a? 
and pick up x,y with f(x) — f(y) = (nk + a)? — a”, so f(x) + a? 
f(y)+(nk+a)’. Then f(f(x)+a?) = f(f(y)+(nk+a)?) so f(a) +b? = 
f(y) + f(nk +a)” hence (nk +a)? — a? = f(x) — f(y) = f(nk+a)? -b° 
or b?—a* = f(nk+a)?—(nk+a)*. Asb4a, f(nk+a) #4 nk+a. But 
then |f (nk +a)? —(nk+a)?| > 2(nk+a)—1> mar{a’?, b*} > |b? — a?| 
contradiction. This shows that b = a so f is the identity function, and 
so is g. 


via ll = 


oD 


9. 


Problem 95.Find all functions f :: Qt — Q* that satisfy f(x) + 
f (2) =1 and f(f(«)) = E. 
Solution. We have already encountered a function that satisfies 


f(a)+f(4) = 1, namely f(a) = 4. There are of course many of them, 
but this seems more comfortable, as it indeed satisfies the condition. 
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So let’s prove f(x) = ae If we set x = 1 we get f(1)+ f(1) = 1 so 
f(1) = 3. Let A be the set of all x that panil f(x) = sy. Ifae A 
then f($)=1-f(2)=1-4,=4= ea . Also whe ‘tis second 


condition for x yields f(4) = fet) go f (Sq) = (@4+1)f(e+1). As 
a+l 


Hales PEEL) we get (x +2)f(£x +1) = 1 so f(x +1) = R 
Thus if x € A then + z and x + 1 also belong to A. It remains to show 
that every positive rational number q can be obtained from 1 by means 


of operations x —> L, x — x + 1. This can be proven by induction on 
p+ 2q > 3. For p+ 2q = 3,p = q = 1 and the basis holds true. Next if 
p > q then Fa obeys the induction step and the operation x — x + 1 


turns Fa to a If p < q then ; obeys the induction step and the 
operation x —> 2 turns 3 to 7 The verification is easy. 


Binary (and other) bases 


Problem 14. (Iberoamerican)Find all functions f: N — R for 
which f(1) = 1 and 


f(2n4+1) = f(2n)+1= 3f(n)+1 
neN. 


Solution. Again the problem is pretty directly solved if we look at 
the binary representation of n. f(n) is obtained by writing n in base 2 
and reading the result in base 3. 


Problem 15. (IMO 1978)Find all functions f: N — N that satisfy 
f(1) = 1, (8), = 3 and 
f(2n) = f(n) 
f(4n +1) = 2f(2n +1) — f(n) 
f(n + 3) = 3f(2n + 1) — 2f(n) 
for any n€ N. 


Solution. Again the function is uniquely determined, and the key 
to finding it should be the binary representation of n. By direct com- 
putation we get that f(1) = 1, f(2) = 1, f(3) = 3, f(4) = 1, f5) = 
5, f(6) = 3, f(7) = 7, E= LA = 910) = 5, f(11) = 13. Up 
to f(11) we could conjecture that f(n) is obtained from n by delet- 
ing the zeroes at the end. However if we write 11 in base 2 we get 
11 = 10112 and f(11) = 13 = 11019. So it’s natural to suppose that 
f(n) is obtained by reversing the digits of n. Indeed, this is confirmed 
by all the previously computed values of f, since all numbers less than 
11, if we delete their last zeroes, become palindromes. This claim is 
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easy to verify by strong induction. Indeed assume that it’s true for all 
numbers less than k — 1 and let’s prove it for k. Of course we need to 
consider three cases according to the three cases of the condition: 

a) k is even. In this case f(k) = f(£) and the claim follows from the 
induction step. 

b) k is of form 4n+ 1. Assume that n has r digits, and let m = f(n) 
be obtained from n by reversing its binary digits. Then the number 
obtained from k by reversing its digits is 2"*' +m. Also f(2n + 1) = 
27+ m so f(k) = 2f(2n4+ 1) — f(n) = 2771 + 2m —m = 2+! + m and 
the claim holds in this case. 

c) k is of form 4k + 3. Again assuming that n has k digits, and 
m = f(n) then the inverse of k is 2"*' +2” +m, while f(k) = 3f(2n+ 
1) — 2f(n) = 3(2" + m) — 2m = 27+! + 2" + m, and this case is true, 
too. 


Constructing functions by iterations 


Problem 69. Let n € N. Find all continuous f: R — R that 
satisfy falx) = —ax where fn is the n-th iterate of f. 


Solution. f is clearly injective, so is monotonic. As it cannot be 
increasing (otherwise fa(x) = —x would be increasing too) we conclude 
that f is decreasing. Set am = fm(x). Then fon(x) = —fn(x) = z. 
Hence the set A = {ap|k E€ N} is periodic of period 2n so is finite. Let 
ay, be the smallest number of a. The as f is decreasing we conclude 
that ap41 = f (ap) is the largest in A. However as a, is the smallest, we 
have jin > ax hence a; = —Ajin < —4ak SO Apin = —4k is the largest. 
Hence f(a) = —ap. Also f(az41) should be the smallest in A hence 
f(—ax) = ax and by induction on p that akp = (—1)?a,x. Since A is 
periodic a44, = ao = x for some p and therefore f(x) = —x. This 
function satisfies the conditions if and only if n is odd. 


Problem 26.Show that there exist functions f: N — N such that 
f(f(n)) =n?,neN 


Solution. The problem presents no difficulty to us once we have 
enough experience in solving this kind of problems. If m is not a perfect 
square, define a ”chain” C(m) as the sequence (%p)nen with x; = m”. 
The chains partition all N \ {1} (1 presents no problem as we can 
merely set f(1) = 1 and ignore this number). Then by pairing the 
infinitely many chains: (C(x1),C(y1)), (C(x2),C(y2)), ...and setting 


f(a?) = y, fly?) = x?" we construct the desired function. It 


98 


presents no difficulty proving that all solutions can be written in such 
form by merely copying the reasoning from the previous problems. 


Problem 23.Let f: N — N ne a function satisfying 
f(f(n)) =4n—3 


and 
F2”) = gntl i) 
Find (993). Can we find explicitly the value of f(2007)? What 
values can f (1997) take? 


Solution. It’s clear that f(x) = 2x — 1 satisfies the condition, so we 
try to prove that f(993) = 1995. Now if we can prove f(t) = 2t — 1 by 
using the first condition we prove that f(2t — 1) = 4t — 3, f(4t — 3) = 
8t — 7 and so on, so f(t,) = 2t, — 1 for t, being recurrently defined 
as to = t,tk}1 = 2t, — 1. We know f(2”") = 2”*1 — 1, so it seems 
natural to try to write 993 = t, where tọ = 2" for some k. Let’s 
try to go backwards: 993 = 2-497 — 1,497 = 2-249 — 1,249 = 
2-125— 1,125 = 2-63—1,63 = 2-32—1 and 32 is a power of two. This 
procedure works for any number of form 2”(2” — 1) + 1. But if we try 
to obtain f(2007) by this procedure we fail because 2007 = 2- 1004 — 1 
and at 1004 we stop. Now we try to construct a different function 
than 2% — 1 to answer negatively to the second question. Consider a 
number n > 1 which is not 1 mod 4 then we can define a sequence 
S(T) = (fn)nen for £o = T, Tk41 = 42, — 3, and call x the ancestor of 
the sequence. It’s easy to prove that g is injective (thus so is f) and 
these sequences partition N\ {1}. Let g(x) = 4z—3, gn(x) be g iterated 
n times. Now we can prove that if f(n) = m then f(m) = g(n) then 
f(g(n)) = g(m) and so on, to get f(gz(n)) = ge(m). Hence f provides 
a pretty comfortable intuitive mapping between these sequences, which 
we shall define now. Let x,y be ancestors of two sequences and assume 
f(x) = Ym. Let f(y) = u then f(gm(y)) = gm(f(y)) = Im(u), as proven 
just before. However f(gm(y)) = f(Ym) = g(x). So g(x) = gm(u) hence 
T = Gm_i(u) (if m > 0). As x is not 1 modulo 4 this is only possible 
for m = 1 or m = 0. In the first case we have f(y) = x and in 
the second f(x) = y. In any case, we see that f maps one ancestor 
into another ancestor, and then f can be defined recursively without 
contradiction on the sequences of these ancestors. In the condition 
we have defined f for the powers of two and for powers of two minus 
one. However we have infinitely many ancestors left which we can pair 
up as we want, constructing many different functions. Particularly 
pairing up 2007 with different ancestors we can obtain different values 
for f(2007), so f (2007) can not be uniquely determined. Now if 2007 is 
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paired with another ancestor u then either f(2007) = u or f(u) = 2007 
and f (2007) = 4u — 3. Hence all possible values for (2007) are either 
u or 4u — 3 where u is a number not 1 modulo 4 and not a power of 
two or one less a power of two. 

Approximating by linear functions 


Problem 19.Find all increasing functions f: N — N such that the 
only natural numbers who are not in the image of f are those of form 
2n + f(n),neEN. 


Solution. Like in the previous problem we prove that f is unique. 
It remains now to find it. Again setting f(x) ~ cx we get m ~ 2(m — 
n) + c(m — n) where m = f(n) so c = 2(c — 1) + c(c— 1) so œ = 2. 
Therefore f(n) ~ V2n so we can suppose that f(n) = [V2n + a]. By 
computing some values of f we can even infer a = 0 so f(n) = [v2]. 
To prove that this function satisfies the condition we must prove that 
the sets {[V2n]|n € N} and {[(2 + V2)n]|n € N} partition N. This 
follows from the more general Beatty Theorem: If a, 8 € Rt \ Q and 
on = 1 then the sets A = {[na]|n € N} and B = {[nG]|n € 


N} partition N, as a a = = a m ve = 1. To prove Beatty 
Theorem, note that |A(){1,2,...,n}| = [2] (the number of numbers 
m that satisfy ma < n + Dond |BA{1,2... n}| = [SF]. Therefore 


[AN{1,2,... nd] + (BA, 2... n} = ay + 1). And as [=+] = 
aL ntt) and "St € (= 1; — 1) thus ee Ne 
(SE + A 2; SE 4 eet) = (n—1,n+1). As this number is an integer, 
we finally conclude that |A(){1, 2,...,n}|+|BA){1,2,...,n}| =n. By 
writing the condition for n and for n+1 and subtracting them we deduce 
that |A(){n}| + |B {n}| = 1 which implies that A, B partition N. 


Problem 34.Find all functions f: N — N such that 


f(f(n)) + fnt+)a=n+2 
forn eN. 


Solution. We firstly note that f(n+1) < n+1 and f(f(n)) <n+1 
from this relation. Hence f(k) < k for k > 1. If we try to set f(x) ~ cx 
then we get f(f(n)) ~ cn thus c?n + cn ~ n so c? +c = 1 hence 
c = v5, Let’s compute now f(1). Assume that f(1) = a. Then 

f(a) + f(2) = 3. We have two cases: 
a) f(2) = 1, f(a) = 2. Immediately a > 3. Set n = a — 1 to get 
f(fla— 1)) +2 = a so f(f(a — 1)) = a — 2. This is possible only 
when f(a — 1) = a — 2, f(a — 2) = a — 2. Then set n = a — 2 to get 
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a—2+a-—?2 = a so a = 4. But this contradicts the fact that f(2) =1 
as we got f(a — 2) = 2. So this case is impossible. 

b) f(2) = 2, f(a) = 1. We claim a = 1. Indeed assume for sake of 
contradiction that a > 3. Set n =a—1. Then f(f(a—1))+a=a+4+1 
so f(f(a—1)) =1. Let f(a—1) = b. Then f(b) = 1 sob > 3. Set 
n =b— 1 to get f(f(b—1)) =b. As f(k) < k for k > 2 this is possible 
only when f(b— 1) = 1 so b = a. But then f(a — 1) = a, impossible. 
So f(1)=1. 

Thus we can conclude that f(k) < k for any k and we can determine 
f(n) by strong induction on n: if we have found f(1), f(2),..., f(k) 
then by setting n = k + 1 we compute f(k +1). So f is uniquely 
determined and it remains to find an example. We seek f(x) ~ cx 
where c = Sa As f(1) = 1, f (2) = 2 we get f(3) = 2 then f (4) = 3, 
f(5) = 4, f(6) = 4. We can conjecture that f(x) = [cx] + 1, as this 
holds for x = 1,2,3,4,5,6. Indeed, we prove f(x) = [cx] + 1 satisfies 
the condition. f(f(n)) + fín +1) = [ellen] + 1)] + 1+ [nm+e4+1 
so we need to show that [c[en] + c] + [en +c] = n. We prove this by 
induction on n by showing that either [e(n + 1) + c] = [en +c] +1 
and [c[c(n + 1)] + ce] = [clen] + c| or [e(n + 1) + c] = [cn + c| and 
[clc(n + 1)] +c] = [elen] +c] + 1. Indeed, set x = cn. Then [e(n + 1) + 
c| — [en + c] = [x + 2c] — [x + c]. It equals 0 when {x +c} < 1-c 
and 1 otherwise, thus 0 when 1 — c < {x} < 2 — 2c and 1 otherwise. 
[clc(n + 1)] + e] — [clen] + c] = [elx +c] +c] — [cla] +c]. Let {x} = t. If 
t <1-—cthent < c [e[x+e]+c]—[e[x]+c] = [clz]+c] —[clz]+c] = 0. If 
2—2c >t > 1—c then [clx+c] +c] —[cla#]+c] = [e(a-—t+1)+c]—[e(x—- 
t)+c] = [er +2c—ct|—[er+c—ct]. Now cx = c?n = n—cn = n—Z so we 
substitute to get [n>—z+2c—ct]—|n—z-+c—ct] = [2c—ct—z|—[e—ct—a]. 
As {x} = t it equals [2c—(c+1)t]—[c—(c4+1)t]. Now t € (1—c; 2—2c) so 
2c—(c+1)t € (2c— 2(1 — ê); 2c — (1 —c?)) = (0; c) while c— (c+ 1)t € 
(—c;0) and the difference is 1. Finally if t > 2 — 2c then we get 
c—1 < 2c—(c+1)t < 0 and —1 < c—(c+1)t < —c and the difference 
is zero. The condition we seek therefore holds and f(x) = [ca] + 1. 


Problem 78. Find all functions f :: N — N that satisfy f(1) = 
and f(n +1) = f(n) + 2 if f(f(n) -n +1) =n, f(n+1) = f(n) + 
otherwise. 


1 
1 


Solution. Let’s put f(n) ~ cn. Then 1 < c < 2. Also f(f(n)—n+1) 
must equal n an infinite number of times so c(cn — n + 1) ~ n or 
c(c — 1) = 1 hence c= a Next we compute f(2) = 3, f(3) = 4 so 
we suppose that f(n) = [cn]. Firstly we prove that [cn] satisfies the 
condition. Indeed, let t = {cn}. Then [e(n + 1)] — [en] = [en + c] — [en] 
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is 2 when t > 2 — c and 1 otherwise. However [c([cn] — n+ 1)] = 
[c(en —t —n+1)] = [(? —c)n+c—ct] = [n+c(1—t)]. It equals n when 
1—t< tort > 44=1-(c-1) =2—candn+1 otherwise. Hence we 
see that both conditions [e(n + 1)] — [en] = 2 and [c([cen] — n +1)] =n 
are equivalent to the same condition {cn} > 2—c and thus [cn] satisfies 
the condition. 

Now we prove f(n) = [en] by induction on n. It’s true for n < 3. 
Next assume it holds for alln < k. We prove it for k+1. We have f(k+ 
1) = f(k)+2 = [ck] +2 if f(f(k) -—k+1) =k and f(k4+1) = f(k)+1 = 
ck]+1 otherwise. But f(k) -—k+1 < ck-k+1=k+1-(2-c)k < k+1 
hence f(f(k) —& +1) = [ce(f(k) —k + 1)] = [c([ck] — k + 1)] using the 
induction step. However we have proven that [e(n + 1)] = [cn] + 2 if 
c([ck] — k + 1)] = k and [e(n + 1)] = [cn] + 1 otherwise. Therefore 
f(k+1) = [c(k + 1)] and the induction is finished. 

The Extremal Principle 


Problem 4. (IMO ’1977). Let f: N — N be a function such that 
f(n+1) > f(f(n)) for alln € N. Show that f(n) =n for alln € N. 


Solution. First note that if f(n) > k for all n > k, then 


f(n+1) > fF(n)) = fk) 2 k. 


Hence it follows by induction on k thatf(n) > k for all n > k. In 
particular, f(k) > k for all k € N. Suppose that f(k) > k for some 
k € N. Denote by f(m) the least element of the set A = {f(n): n> 
k}. Ifm—-—1>k then f(m-—1) >m-1>k andifm-l=k 
then f(m—1) = f(k) > k. Hence f(m— 1) € A. On the other hand 
f(m) > f(f(m — 1)) which is a contradiction. Thus f(k) = k for all 
keN. 


Problem 5. (BMO ’2002) Find all functions f: N — N such that 
2n + 2001 < f(f(n)) + f(n) < 2n + 2002 
for alln € N. 


Solution. First we shall show that f(n) >n for alln € N. Assume 
the contrary and let m € N be such that f(m) < m and k = f(m) be 
the least possible. Then for l = f(k) we have 


k +1 > 2m +2001 and f(I) +1 < 2k + 2002. 
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Hence 


2k + 2002 > f(l) + 2m + 2001 — k 
and we get 

fO <3k-2m4+1<k<m<l, 
a contradiction. Hence the function g(n) = f(n) — n is positive. Let 
g(p) be its least value and set q = f(p). Then it follows by the given 
condition that 


29(p) + g(q) 2 2001 and 29(q) + g(f(q)) < 2002. 
These inequalities imply that 


4g(p) > 4002 — 2g(q) > 2000 + g(f(q)) = 2000 + g(p), 
i.e. g(p) > 667. Now it follows by the inequality 
2g(n) + g(f(n)) < 2002 


that g(n) = 667, i.e. f(n) = n + 667 for all n € N. Conversely, it is 
easy to check that this function satisfies the given conditions. 
Substitutions 


Problem 123. Find all continuous functions f: R — R that satisfy 
fla)y + Fy)x = (x +y) f) Fy) 


Solution. If f(y) = 0 then y f(x) = 0 so if y 4 0 then f is identically 
zero. Otherwise f is non-zero on R \ {0}. Then set y = x to get 
2x f(x) = 2xf?(x) so f(x) = 1. As f is continuous, in this case f is 
identically 1. 


Problem 119. Find all continuous functions f: R — R for which 
fle+y) — f(e@—y) = 2f(ay +1) — fe) fy) -4 


Solution. If we set x = 0 we get f(y) —f(—y) = 2f(1) — f(0) f(y) - 
4. If we set y = 0 we get 2f(1) — f(x) f(0) — 4 = 0, so if f is not 
constant then f(0) = 0 hence f(1) = 2 and from the first relation 
we get f(y) — f(—y) = 0 so f is even. (Note that if f = c then 
2c — c? — 4 = 0 which has no real roots so f cannot be constant). 
Next set y = 1 to get f(x +1) — f(a —1) = 2f(z+4+1) —2f(xz) —4 so 
f(a@+1) —2f(z) + f(z —1) = 4. From here we deduce by induction 
that f(n) = 2n? for all integers n and that f(x +n) = 2n? +bn +c 
for some b,c depending only on x and not on N € N. For z = z we 
have b = 0 because f(4) = f(—$). Next set y = 4 to get f(x + i) — 
f(x — +) = 2f(2 +1) — f(z) f(§) — 4. If now x = 2k where k € N we 
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get (2(2k + 4)? + c) — (2(2k — 4)? +c) = 2(k + 1)? — 8k?(5 +c) —4 
and we deduce c = 0 so f(k + 3) = 2(k + $)?. Now we prove that 
f(t) = 2¢? for allt = $ where a, k € N by induction on k. The basis is 
proven. For the induction step, write the previously obtained relation 
f(a +i) -— f(x- 4) =2f($ +1) — f(z) f(§) — 4. Now if t = & where 
k > 1 and a is odd then taking x = 2(t — 1) and plotting it into the 
relation we get f(t) = 2¢? as desired. As the numbers ¥ are dense in 
R f(x) = 97": 


Problem 104. (ISL 2000)Find all pairs of functions f :: R — R that 
obey the identity 


f(a+ g(y)) =xfly)— yfir) + glx) 


Solution. If f is identically zero then so is g. Now assume f is not 
identically zero. Let’s prove g take the value zero. Set x = 0 to get 
f(g(y)) = —yf (0) + g(0). Particularly f takes the value 0 because if 
f(0) # 0 then —y f (0) + g(0) is surjective. Next setz — g(x) to obtain 
f(g(z)+9(y)) = g(x)f(y)—-yf(0)+ryf(0)+g(g(x)). Swapping x and y 
we get f(g(x)+9(y)) = f(x)g(y) —xf(0)+zyf(0) +9(g(y)). Therefore 
g(x) f(y) — yf (0) + f(F(x)) = gly) f(x) — xf (0) + g(g(z)) (1). Now set 
y =t with f(t) = 0 to get —tf(0)+9(9(2)) = ot) f(x)— xf (0)+g(g(t)) 
so g(g(x)) = c—ax+uf (x) where c = tf(0)+g(g(t)), a = f (0), u = g(t). 
If we substitute into (1) we get g(x) f(y) + uf(x) = g(y) f(x) + uf(y) 


hence (g(x) — u) = a f(x) if f(y) # 0. Taking a fixed value of 


y in which f does not vanish we get g(x) —u = kf(x) so g(x) = 
k f(x) +u or g depends linearly on f. If k = 0 then g is constants and 
f(a+u) =xf(y) — yf(x) + u so setting y = x gives us f(a +u) =u 
so f = g =u. Now assume k £0. We have g(g(x)) = c— az + uf(x) 
and also f(g(x)) = —xf(0) + g(0). But g(g(x)) = kf(g(x)) + u = 
k(—xf(0) + g(0)) +u = —kf(0)x + kg(0) + u. So c — az + uf(x) = 
—kf(0)x + kg(0) + u. If u #0 then we express f as a linear function 
hence so is g. If u = 0 then g(t) = 0 and —kf(0)x + g(0) = c — az 
hence f(0) = a = —kf(0),c = g(0). Then set y = t to get f(x) = 
—tf(x)+kf(x)= (k—t)f(x) so k—t = 1. Now the original condition 
can be rewritten as f(£+kf(y)) = zf(y)—yf(x)+kf(x). Particularly 
we deduce f is injective as if f (y1) = f (y2) then by setting y = y1, ye 
we conclude yı f(x) = y2 f(x) for all x hence yı = yo. If f(0) = 0 then 
f(g(y)) = g(0) so the injectivity of f implies g is constant hence so is 
f. Otherwise we get f(kf(y)) = —yf (0) +g(0) = (k — y) f (0). Now set 
xz > kf (x) to get F(kflz) +kf(y)) = kf (a) f(y) + (k -y)f (kfz) = 
kf (x) f(y) + (k — y)?f(0). By symmetry we deduce also f(kf(x) + 
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kf(y)) =kf(2) f(y) + (k — x)” f (0) so (k — x)’ f(0) = (k — y)’ f(0) for 
all x, y which is impossible. 

We have thus proven that f,g are linear functions. Set f(x) = 
ax +b, g(x) = cx+d. We substitute to get f(x +cy +d) = x(ay+b) — 
y(ax + b)+ cz +d or az + acy + ad + b = (b — d)x — by + d + cz so 
(a+d—b—c)x+(ac+b)y+ad+b—d=0. Sob = —ac,d = b+c -a = 
c—ac—a. Then ad+b-—d = 0 so a(c—ac—a)—ac—c+ac+a=O0or 


ac— a?c —a2 —c+a=0so c(a? —a+1) =a(1—a) hence c = se) 


Problem 136. If a > 0 find all continuous functions f for which 
F(z +y) =a f(x) fy) 
Solution. The function g(x) = = will satisfy g(a + y) = g(x)g(y) 
hence g(x) = a” for some b so fa) = ge te, 


Problem 138. Find all continuous functions f: R — R that satisfy 


_ oy fle) + Fy) + 2f(@) FY) 
Het yy 1 Fa) Fo) 
Solution. If we let t(x) = 5 then we observe that t(f (x + y)) = 


t(f(x)) + t(f(y)). Thus t(f(x)) = ax hence f(x) = “5 = 7%. 


Problem 130. Find all continuous function f - (a;b) — R that 
satisfy f(zyz) = f(x) + f(y) + f(z) whenever xryz,x,y,z € (a;b), 
where 1 < a? < b. 

Solution. Let a = e*,b = e with 0 < 3k < l. Consider the 
function g: (0;1 —k) —> R,g(t) = f(e**'). The condition rewrites as 
glu +v +w + 2k) = glu) + g(v) + g(w) whenever u +v +w < l — 3k. 
Particularly g(u + v + 2k) = glu) + glv) + g(0) = glu + v) + 29(0) for 
u+v < k—2l. (Note that g(0) is actually not defined but we can define 
g(0) = 39(2k) and observe that when c — 0 we have g(3c+2k) = 39(c) 
so by continuity g(x) > n = g(0). The condition g(u)+g(v)+g(0) = 
glu+v)+2g(0) is then obtained by taking c > 0 in g(u)+g(v)+g(2c) = 
glu+v)+2g(c))). Then g—g(0) is additive and continuous on [0;l—3k) 
which implies g(x) = cx + d on [0;1 — 3k]. Then if t < l — 3k then we 
have g(2k + t) = g(&) + g$) + 9(§) = t + 3d. So f(x) =clnx+d 
for x € (a;4) and f(x) = xing + 3d for x € (a;b). Note that if 
b < ač then the condition says nothing about f on (4; a?) except that 
it’s continuous: if syz € (a;b) then ryz > a? x,y,z < 2 because 
b > xyz > za?,ya?,za?. So in this case every continuous function 


paa 
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that satisfies f(z) = cln z +d for x € (a; a; 4) and f(x) = clng +3d for 
x € (a; b) is a solution. If b > aë then 4 > a? hence f(4) = cln($)+d 
from one side and cln(;>) + 3d from ie other side. So d = 0 and since 
the intervals (a; &] and [a?;b) cover (a,b) we have f(x) = clng the 
only solutions. 


Problem 131. Find all continuous functions f: R — R that satisfy 
f(xy) = f(y) + yf (2) 


Solution. If y = 0 we get f(0) = xf(0) so f(0) 
then divide the condition by zy to get 4 ae = fw | 


y 
denote g(u) = fe) “) we get glu +v) = glu eile. As g is additive and 
continuous we get g(x) = cz thus f(x) = : o for x > 0. For z < 0 


set y = x to get f(x?) = 2z f(x) so f(x) = =) = co" In 2? S egln |z]. 


So f(x) = cr ln |æ| for all x # 0, f(0) = 0. “We only need to check 
the continuity in zero which is salai to lim,.9+ tInt = 0. But if 
t= 4 this turns to lim,_,,, 4 = 0 which is true. 


ex 


0. If xy #0 
J 


(@) Hence if we 


x 


Problem 46.Find all functions f: Qt — Q* that obey the relations 
f(a@+1)=f(a)+1 


if x € Q™ and 
Fè) = f(x)? 
if x € Q7. 
Solution. It’s clear that the identity function satisfies the condition. 
Now pick up any rational number r = = Then we must have f(r+k) = 


f(r) + k for k € Z and then f((r + k)®) = fir k =F +k = 
f(r) + 3kf2(r) + 3k f(r) +k’ = f(r’) + 3k P(r ) + 3k? f(r) +k. But 
f((r+k)’) = f(r? + 3r7k + 3rk? + k?) and if q?|k then r7k, rk’, k? are 
integers hence f((r + k)?) = flr) H 3r2k + 3rk? + k?. So the identity 
3k f?(r)+3k? f(r) +k? = 3r7k+ 3rk? + k? holds for all k divisible by q?. 
The identity can be rewritten as (f(r) —r)(3k?+3k(f(r)+r)) = 0 and 
3k? + 3k(f(r) +r) as a quadratic in k will not vanish for all k divisible 
by q? (there are infinitely many of them). Therefore f(r) —r = 0 so f 
is the identity function. 


Problem 89. Show that if f: R — R satisfies 
f(xy) = f(x) + yf (y) 


then f is identically zero. 
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Solution. Set y = 1 to get f(x) = xf(x)+ f(1) so (1—-2z)f(z) = 
f(1). For z = 1 we get f(1) = 0 so (1—2) f(x) = 0 hence f(x) = 0 for 
x #1. Hence f is identically zero. 


Problem 44. Find all functions f: R — R that obey the condition 
FEE) +y) = fa- y) +4 f(a)y 


Solution. We can guess the solution f(x) = x? together with the 
trivial f = 0. By setting y = 0 we get f(f(x)) = x7. If f would 
be injective, we would immediately conclude that f(x) = x?. Assume 
not that f(r) = f(x2). Then substituting z = 71,” = x2 into the 
condition we get f(x? — y) = f(a? — y) so f(t) = f(t + b) where 
b = x} — x3. If b #0 then we can find to such that (to + 6)? -t =a 
where0<a< 2 is a fixed number, thus setting 7, = to, £2 = to +b we 
get f(t+a) = f(t). Hence if |r—y| < 2 we can assert that f(x) = f(y) 
hence f is a constant function c and substituting into the condition 
we get c = 0 which contradicts the fact that we’ve picked up f not 
identically zero. The contradiction arose from the fact that we assumed 
that f(z) = f(x2) and x? Æ x2. Thus f(z) = f(y) can hold only if 
y = +x. Returning to f(f(x)) = f(x?) we deduce f(x) = +2? for any 
x. Now assume for some xo # 0 we have f(£o) = —x%. Then setting 
x= £o we get f(—a2 +y) = f(x? — y) — 4a2y therefore f(—2x2 + y) — 
f(xp—y) = —4apy. As f(—apt+y) = £(26-y)?, f(@p—-y) = (25-9), 
we have f(—a22+y)—f(x%—y) = 0, 2(a2—y)? or —2(xo—y)?. So for any 
y, —4x2y € {0, 2(x2 — y)? or —2(xo — y)?}. However for xo Æ 0 each of 
—Ar2y = 0, —4a2y = 2(22 — y)?, —4a2y = —2(22 — y}? is an equation in 
y which is either linear or quadratic hence has at most two solutions as 
it’s leading coefficient is not zero. Therefore we have at most 6 values 
of y for which the assertion holds, contradiction. So f(x) = 2”. 


Problem 52.Let k € R*. Find all functions f: [0,1]? —> R such 
that the following four conditions hold for all x,y,z € [0; 1]: 


i) 
FCECL, y), 2) = f(x, f(y, 2) 
f(z, y) = f(y, 2) 
Ltd ee 


f (zx, zy) = z* f(x,y) 
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Solution. Assume that x < y (the second case is reduced to the first 
by ii) ). Then set z = y and we have f(x,y) = f(z§,2) =2*f(7,) = 
ie = ry". Hence we have f(x,y) = min{z, y}mar{z, y}*1. This 
function clearly satisfies the last three conditions. We’ve got just the 
first one to check. Assume that x < y = z. Then f(f(z,y),z) = 
fleytt, z) = fay y) Er < o then zy% < y hence 
f(f(2, y), z) = zy*ly*! = ry?™-?. From the other side f(x, f(y, z))) = 
f(z,y") and if x < y* then f(z, f(y,z)) = ryt). So ay?*-? = 
ryt) for all x,y € [0; 1]? that satisfy x < y',a < y?-*. This is pos- 
sible only when k(k — 1) = 2k — 2 so k = 1 or k = 2. If k = 1 then 
f(x,y) = min{x,y} and if k = 2 then f(x,y) = zy. It’s obvious that 
both functions satisfy the first condition. 


Problem 68. Find all continuous functions f: R — R that satisfy 
3f2x +1) = f(x) +52. 


Solution. If we seek f(x) = ax+b then we must have 3(2ax+a+b) = 
(a + 5)x +b hence 3b + 3a = b, 6a = a + 5 hence a = 1,b = —3. Then 
if we set g(x) = f(x) +  — x then we get 3g(x) = g(2x + 1). If we 
let h(x) = g(x — 1) we get 3h(x +1) = h(2x + 2) or 3h(2x) = h(x) or 
h(x) = 3h(2x) thus h(x) = zh(S). As & tends to zero, f(#) tends 


to f(0) so 3 f(#) tends to zero. Hence h = 0 thus f(x) = x — 2. 


Problem 8. (Shortlisted problems for IMO ’2002) Find all functions 
f: R — R such that 
FCE) +y) = 2x + f(f(y) — 2) 


for all x,y € R. 


Solution. Setting y = — f(x) in the given equation gives 


FF(-F(a)) — #) = -22 + f (0) 


for alla € R. Hence the function f(x) is surjective since the function 
—2a + f(y) takes all real values when x runs over R. Hence there is 
a E€ R such that f(a) = 0. Setting x = a in the given equation gives 


f(y) =2a+ f(f(y)-@) 


for ally € R. Set z = f(y) -—a. Then f(z) = z-aforallz € R 
since the function f(y) — a takes all real values. Conversely, it is easy 
to check that for any a € R the function f(x) = x — a satisfies the 
given condition. 
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Problem 9. (Bulgaria, 1996) Find all functions f: R — R such 
that 
FE) + ef(y)) = «fy + 1) 
for all x,y E€ R. 


Solution. Set f(0) = a. Then the given equation for x = 0 gives 
f(a) = 0 and setting y = a gives 
F(f(2)) = zf (a + 1). (1) 
We shall consider two cases. 
1. Let f(a+1) =0. Then f(f(x)) = 0 for all x € R. Suppose that 
f(y+1) £0 for some y € R. Then the given equation shows that the 
function f(x) is surjective. Then the function f(f(x)) is also surjective 


which contradicts to f(f(x)) =0. Thus f(x) = 0. 
2. Let f(a+1) #0. Then it follows from (1) that the function f(z) 


is injective (if f(@1) = f(x2) then x, f(a+1) = f(f(£1)) = f(f (22) 
tof(at1), ie. zı = z2). Setting x = 1 in the given condition gives 
f(FQ) + Fy) = Fy + 1), 


ie. f(1)+f(y) = yt+1. In particular, f(1)+f(1) = 1+1, i.e. f(1) =1. 
Hence f(y) = y for ally € R. 
Thus there are two functions satisfying the given functional equation 


- f(x) =0 and f(x) = z. 


Problem 10. (BMO ’1997 and BMO ’2000) Find all functions 
f: R — R such that 
f(xf(z) + fy) = (2) +y 
for all x,y E€ R. 


Solution. Setting x = 0 in the given equation gives f(f(y)) = 
f?(0) +y. In particular, f(b) = 0 for b = —f?(0). Then 
f(f(y)) = FOFO) + fy) =P) +y=y 
which shows that f(0) = 0 and f(f(y)) = y for ally € R. Now setting 
y =0 in the given equation we get f(xf(x)) = f?(x). Hence 
f(x) = faf) = EESE) = PF (@)) = 2”, 
i.e. f(x) = +2 for all x € R. Suppose that f(x) = xz and f(y) = —y 


for some x and y. Then we get from the given equation that +(#?—y) = 
x? + y which implies x = 0 or y = 0. 
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Thus the only solution of the problem are the functions f(x) = x 


and f(x) = —z. 


Problem 13. (USA, 2002) Find all functions f: R — R such that 


f(x’ —y’) = xf (x) — yf (y) 
for all x,y E€ R. 


Solution. Setting y = 0 gives f(x?) = xf (x) which implies f (0) = 0. 
If x 40 then zf(x) = f(x?) = —x f(-x), ie. f(~x) = -— f(x). Hence 
f(—x) = — f(x) and f(x?— y?) = f(x?) — f(y?) for all x,y € R. These 
two equations imply that 


f(a) + fy) = F(z +y) 
for all x,y € R. Note that the above equation together with f(x?) = 


xf (x) is equivalent to the given equation. For any x and y = 1 — z we 
get 


f(x) — fly) = f@—y) = f(x’ —y’) = zf (2) - yf (y) = 
= af(x)—(1—2) f(y) =al (2) + FY) — fy) = ©fQ) — Fy), 
i.e. f(x) = af(1). Hence f(x) = cx, where c € R is a constant. 


Additive Cauchy Equation 


Problem 12. (Bulgaria, 1994) Find all functions f: R — R such 
that 


tf(x)—yfy) = (x -y)f (z +y) 
for all x,y € R. 
Solution. It follows from the given equation that 
(z +y)f(z +y) —yfly) = zf(x + 2y). 
Subtracting this from the given equation gives 
f(x) + f(a + 2y) = 2f (z +y) 
which is equivalent to 


ræ) +70) = 24 (2) (1 


for all x,y € R. Set b= f(0). Then 
fw) +6 = 2f6) 
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which together with (1) gives 
f(a) + fy) = fa@+y) +6. 


Now using the given equation we get 


(f(y) — b) = y(f (2) — b). 
Hence f(z) — b = x(f(1) — b, ie. f(x) = ax +b, where a and b are 
constants. 
Conversely, it is easily checked that any linear function satisfies the 
given equation. 


Problem 109.Find all functions f :: R — R that satisfy 
fle+y) + fley) = f(a) fy) +1 


Solution. We can guess f(z) = x + 1 as a solution. If £z = y = 
0 we get 2f(0) = f(0)? +1 so f(0) = 1. If we set y = 1 we get 
f(c@+1)4+ f(x) = f(x) f(1) +1. Set f(1) =a. Then we get f(x +1) = 
(a—1)f(z) +1. If a = 1 we get f(x +1) = 1 so f is identically 1. 
Otherwise we get 1 = f(—1 + 1) = (a — 1)f(—1) + 1 so f(—1) = 0. 
Also f(2) = a(a—1)+1=a?—-a+t1. f(3) = (a-1)(@-at+1)+1= 
a? — 2a? +2a, f(4) = (a—1)(a? — 2a? + 2a) +1 = at — 3a? +40? —2a+1. 
Now set x = y = 2 into the condition to get 2f(4) = f(2)? +1 so 
2(a*—3a°+4a?—2a4+1) = a*—2a?+3a?—2a+2 so at—4a°+5a?—2a = 0 
so a(a—2)(a—1)? = 0. Asa Æ 1 we either have a = 2 ora = 0. Ifa =0 
we get f(x+1) =1-—f(x) hence f(x+2) = f(x). Then set y = 2 to get 
f(e+2) +f (20) = f(2) F(a) +1 = f(a) +1. As f(a+2) = Fc) we have 
f (2x) = 1 and then for x = $ we get f(1) = 1 contradiction. So a = 2 
and then f(x+1) = f(x)+1 so f(x) =2+1 forz € Z. Now as x+1 is 
a solution, we may suppose f(x) = g(x) +1 and try to prove g(x) = x. 
The condition transforms to g(x +y) + 9(xy) = g(x)g(y) +. 9(x) + g(y). 
Then g(x) = x for x € N and g(x + 1) = g(x) +1. If we set y = k€ N 
then g(x + k) + g(kx) = kg(x) + g(x) + k so g(kx) = kg(x). Then 
y = x gives g(x”) + g(2x) = g(x)? +2g(x) and as g(2x) = 2g(x) we get 
g(x?) = g(x)? so g is nonnegative on R*. Now write y > y + 1 to get 
glx+y+1)+g(zy+r) = g(x)gly+1)+g(x)+g(y+1). As g(at+yt]) = 
glz +y)+1,g(y +1) = gly) +1 and g(z +y) + g(zy) = g(x)g(y)+g(y), 
subtracting these two relations we deduce g(ay + x) = g(xy) + g(x). 
Now if u,v # 0 we set y = *,7 = u to get glu +v) = g(u + v) for 
u,v #0. As g(0) = 0 we conclude that g is additive. And since g is 
nonnegative on Rt g(x) = cx. Since g(x) = x for x € N, c = 1. So 
f(x) =x+1 and f(x) = 1 are the solutions. 


Q 
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Problem 30.Find all functions f: N — N such that 
f(f(m) + f(n)) = m+n 


for all m,n € N. 


Solution. If f(mı) = f(m2) the by setting m = mı, Mz we deduce 
my+tn = m2+n som, = mo. Thus f is injective. Hence if m+n = k+l 
then f(f(m) + f(m)) = (f(k) + f0) so f(m) + f(n) = f(k) + FM). 
Therefore f(m+n—1)+ f(1) = f(m)+f(n). Hence by setting m = 2 
we get f(n+1) = f(n)+f(2)—f(1). If weset f(2)—f(1) =a, f(1) = b 
we deduce by induction on n that f(n) = a(n—1)+b = an+b—a. Hence 
f(f(m)+f(n)) = f(am+b-—at+an+b—-a) = f(a(m+n)+2(b-a)) = 
a(a(m +n) + 2(b — a)) + (b — a) = @(m4+n) + (2a + 1)(b — a). As 
f(f(m) + f(n)) = m +n we get a? = 1 hence a = 1 (a = —1 yields f 
negative for sufficiently big n) and (2a + 1)(b — a) = 3(b — a) = 0 so 
b= a = 1 and f is the identity function. It satisfies our condition. 


Problem 18. Denote by T the set of real numbers greater than 1. 
Given on n € N find all functions f: T — R such that 


fer +y"™") = a" f(x) +" fy) 
for all x,y € T. 
Solution. The solution is similar to that of Problem 13. Setting 
x = y gives f (2°!) = 2x” f(x). Hence 
ee a ty") = fou") + Fy), 


2f (x+y) = f (2x) + f (2y) 
for all x,y > 1. Then 


fætt) =f (2.7 u r) rf (2.5) =27 (==) = f(x)+Flety) 


forall z,z > 2and y > 0. This shows that the functions f(x+y)— f(x), 
where x > 2, y > 0 depends only on y. Set gly) = f(a +y) — f(x). 


Then 9 2 
Tea) 7 Aa = f(z +y) = f(x) + gly), 


xz >2, y> 1. Hence f(2x) = 2f(x) + a, where a is a constant. Then 
it follows by induction that 


f(2*) = 2°? F(A) a — 1) 
for any k > 2. Hence 
fee) = fo?) E 2nTI F(4)+a(2 t1 —1) = 2.4” f(4)-+a(2?"t1—-1). 
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On the other hand we have 
fA ATA) 
and therefore a = 0. Then 


fle +y) = f(x) + fy), fe") = 2" f(a), 


x,y > 2. It follows by induction that f(kx) = kf(x) for any k € N. 
In particular for any s € N we have f(3°) = 3°-1f(3) = 3°.c where 
G= a Thus for any x > 2 we have 

fle +3°) = f(x) + F3) = fla) + 3% . (1) 
Set k = 3° where s € N. Then 

n+1 


S (Feet! = He +R) = 
Ny 
j 
(a+k)"f(2+k) => > e vik" J (f(x) + ke), 
j=0 
where in the last identity we have used (1). Comparing the coefficients 
of k” on both sides we get (n + 1)f(x) = f(x) +nzc, ie. f(x) = xc for 
all x > 2. Now let z > 1 and take y > 2. Then 
ofa ty") = g” f(x) +y” Fly) = a" f(a) + oy" 


which shows that f(x) = cx. Thus the solutions of the problem are all 
functions f(x) = cx where c is a constant. 


Problem 20. (Russia ’1993). Find all functions f: Rt — Rt such 
that 


S) = Flay 
for all z,y € Rt. 


Solution. We shall show that the function f(x) = x is the only 
solution of the problem. Suppose that f(a) 4 1 for some a > 0. Then 
fla f e» = f(a™) = f(a?) = f(a f Oo, 

i.e. f(xy) = f(x)f(y). Hence 
T e FlaP**) = Fa) F(a") = FaON™, 


ie. f(x +y) = f(x) + f(y). Now it follows from Problem 19 (f(x) is 
bounded from below since f(x) > 0) that f(x) = cx where c= f(1) > 
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0. Hence cx” = (cx). In particular c = c™ for all y > 0 which shows 
that c = 1. 


Problem 21. (generalization of Problem 15) Find all functions 
f: R* — R* which are bounded from above on an interval and such 
that 


Faf (y)) = yf (x) 
for all x,y € Rt. 


Solution. For any z > 0 set x = and y = 1. Then 


Eas 
fa) 
f(F(2)) = FEFA) = FA. (2)) = rf) = z, 
ie. f(f(z)) = z. Hence f(xy) = f(af(fy))) = ffx). Set 
g(x) = lg f(107),x € R. Then g(x) + g(y) = lg f(10") + Ig f0) = 
lg f(10*) f(10¥) = lg P0010 = Ig f(10°*") = g(z+y), Le. g(aty) = 
g(x) + g(y) for all x,y € R. Moreover the function g(x) is bounded 
from above on an interval since f(x) is so. Then g(x) = cx for all 
x € R, where c = g(1) (see the Remark after Problem 19). Hence 
lg f(10") = cz, ie. f(10") = (107)° showing that f(x) = x° for all 
x € R+. Now the given equation gives (xf(y))° = ya°, ie. zey” = 
yx. Hence c? = 1, ie. c= +1. Thus f(x) = x for any x € Rt or 


1 
= r for any z € Rt. 


Problem 22. (generalization of Problem 16) Let 5S be the set of all 
real numbers greater than —1. Find all functions f: S — S which are 
bounded from above on an interval and such that 


f(e+fy)+zfly)) =y + fz) + yfl) 
for all x,y € S. 


Solution. Replacing x and y by x — 1 and y — 1, respectively we 
get Tagu — 1) +1) — 1) = y(f(@— 1) +1) —-1 for any z,y > 0. 
Hence the function g(x) = f(a—1)+1 satisfies the functional equation 
g(xg(y)) = yg(x) for x,y € Rt. It follows from Problem 21 that either 
g(x) = x or g(x) = =, x € R”. Hence the solutions of the problem 

x 
z 
the functi = d =— 
are the functions f(x) = x and f(z) EF 
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Problem 23. (IMO ’2002) Find all functions f: R — R such that 


(f(x) + FENDU) + FO) = Flay — at) + flat + yz) 
for all z,y,z,t E€ R. 


Solution. Setting y = z = t = 0 gives 2(f(x) + f(0))f(0) = 2f(0). 
Hence 2(f(0))? = f(0) and it follows that either f(0) = ; or f(0)=0. 


1 1 
If f(0) = = then f(x) = 5 for allx € R and this function is a solution 


of the problem. 

Suppose now that f(0) = 0. Setting z = t = 0 gives f(x) f(y) = 
f(xy). In particular, f?(1) = f(1), i.e. either f(1) = 0 or f(1) = 1. If 
f(1) =0 then f(x) = f(x) f(1) = 0 for all x € R and this function is 
also a solution of the problem. 

So we may assume that f(1) = 1. Setting x = 0,y = t = 1 gives 
f(z) = f(z), ie. f is an even function. Then the identity f(x?) = 
f?(x) shows that f(x) > 0 for any x. Now setting xz = t, y = z we get 


(f(z) + f(y)? = f(a? +9’). 
Consider the function g(x) = \/ f(x). Then g(x?) = y f(x?) = f(z) = 


g’(x) and the above identity implies 
gl) + g(y") = g(a" +y). 

Thus g is a non-negative even function which is additive on R* and 
g(1) = 1 (this function is also multiplicative on Rt). Now it follows 
from Problem 19 that g(x) = x for x € R* and the fact that g is even 
shows that g(x) = |x| for any x € R. Thus f(x) = 2? and it is easy to 
check that this function satisfies the given condition (in fact we have 
to check the Lagrange identity). 


Problem 79. (Korea 1998) Find all functions f: No — No that 
satisfy 
2f(m? +n?) = f(m? + f(n)? 
for all m,n € No. 


Solution. Again the clue to the problem is not the condition itself 
but an observation that follows directly from it: if m? + n? = x? + y? 
then f(m}? + f(n} = f(x)? + f(y). Using this we can compute f(n) 
from f(0) and f(1): set m =n = 1 to compute f(2), then m = 0.n = 2 
to compute f(4), m = 1,n = 2 to compute f(5), then m = 3,n = 4 
to compute f(3), m = n = 2 to find f(8), m = 1,n = 3 to get f(10) 
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then m = 6,n = 8 to compute f(6). If n > 6 we can compute f(n) 
inductively on n as follows: we only need to find x,y,z < n with 
L? +R? = y? + 2° or equivalently n? — y? = 2? — x? or (n+y)(n—y) = 
(z — x)(z +x). Set y = n — 2k then (n + y)(n — y) = (2n — 2k)2k so 
if we have z +x = n — k,z — x = 4k we satisfy the condition. Now 
this implies z = 2HE = 243k 7 = 2%. So this is possible if n — k 
is even, n > 5k, “34. Now take k = 1 + (n — 1( mod 2 < 1. Then 
n > 5 > 5k, M38 < 243 <n so we are done. 

It remains therefore to investigate f (0) and f(1). If we set m =n = 0 
we get 2f7(0) = 2f(0) so f(0) = 1 or f(0) = 0. If f(0) = 1 set 
m = 1,n = 0 to get 2f(1) = f?(1) + 1 so (f(1) — 1)? = 0 hence 
f(1) =1. Now f(x) = 1 satisfies the conditions. As f can be uniquely 
computed from f(0) and f(1) we conclude f(x) = 1 is the only solution 
in this case. Now if f(0) = 0 then set m = 1,n = 0 to get 2f(1) = f?(1) 
so f(1) =0 or f(1) = 2. f(x) = 0 satisfies the conditions and f(0) = 
f(1) = 0 so it’s the only solution with f(0) = f(1) =0. f(x) = 2x 
also satisfies the conditions and f(0) = 0, f(1) = 2, so it’s the solution 
with f(0) = 0, f(1) = 2. 

f(x) = 2x, f(x) = 1, f(x) = 0 are therefore the solutions to our 
equation. 


Problem 91. Find all functions f: R — [0; 00) that satisfy 


f(a? +°) = f(x? — y’) + f(2zy) 


Solution. If we replace y by —y we see that f(2ry) = f(—2zry) so 
f is even. Now set g(x) = f(x). We claim g(u) + g(v) = glu + v) 
for u,v > 0. Indeed, to prove this we need to find x,y such that 
(£? + y*)? = ut, (x? — y’)? = u, 4r?y? = v. Indeed, we get 2x? = 


Jutvt+/u,2y = Vu +v- vyu thus z = 4/ SEEVE Pa = vate 
satisfy our claim. Therefore g is additive on Rt. Moreover by definition 
g is non-negative hence if x > y the g(x) = g(y)+ glz — y) > gly) so g 
is non-decreasing. Therefore g(x) = cx for c > 0 hence f(x) = cx? for 
c > 0. This function satisfies the condition as (x? +y?) = (x? — y?)? + 
(2xy)?. Note that the key to the proof was exactly this well-known 
identity which suggested us to substitute g(x) = f(x?) in order to get 
additivity. 


Problem 92. Find all functions f :: R — R that satisfy 
fy + zf(x)) = fy) + xf (2) 
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Solution. If f is not identically zero then for f(z) # 0 f(x) = 
f(x2) implies zı = 22 if we set x = y1, Yy2, so f is injective. Also f 
is surjective as if we fix y,z with f(z) # 0 then the right-hand side 
of the condition written for x,y,z will span the whole real line, hence 
so will the left-hand side. Thus f is a bijection. Now if « = 0 then 
f(y + zf(0)) = f(y) and the injectivity of f implies y + zf(0) = y 
for all z, possible only for f(0) = 0. Next if we set y = 0,2 = 1 we 
get f(zf(1)) = f(z) hence zf(1) = z for all z so f(1) = 1. Next set 
y =0,z = z to get f(f(xz)) = x. Hence if we set y = 0,2 — f(x) we get 
f(zx) = f(z)f(x) so f is multiplicative. If we set z = 1,4 — f(x) we 
get f(y+x) = f(y)+f(x) so f is additive. As we know the only additive 
and multiplicative function is the identity function. Thus f(x) = 0 and 
f(x) = x are the only solutions 


Problem 93. Find all functions f :: R — R that satisfy 
f(af(z) +y) = zf) ty 


Solution. f is obviously surjective because the right-hand side runs 
through all real numbers when we fix z,z. If f(yi) = f(y2) setting 
z=0,y = y1, Y2 and comparing the conditions we deduce yı = yo. So 
f is a bijection. Now set y = 0 to get f(xf(z)) = zf(x). Particularly 
for z = 0 we get f(xf(0)) = 0. As f is injective we deduce xf (0) is 
constant hence f(0) = 0. Now set x = 0 to get f(y) =y. The identity 
function satisfies the condition. 


Problem 114. Find all continuous functions f: R” — R that sat- 
isfy 


f (1, £2, ---,2n) + (Y1, Y2,- +1 Yn) = Fi +Y- ta FYn) 


Solution. If we set f;i(x) = f(0,0,...,0,2,0,...,0) where x in the 
i-th position then f(11,%2,...,%n) = fi(a1) + fo(vo) +... + frn(2n)- 
Now as f is additive so are f; (just set x, = 0, yp = 0 for k Æ i to get 
filzi) + Fily) = filai + y;)). Moreover since f is continuous so are f; 
therefore f;(x) = cx. Hence f(21,22,...,%n) = C12, +...+CpXn, and 
this function clearly satisfies the condition. 


Problem 24. Given an integer n > 2 find all functions f: R —> R 
such that 


fla’ + fy) = fe) +9 
for all x,y E€ R. 
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Solution. Set f(0) =a. Then 


ff) =y +a" (1). 
Applying twice this identity we get 


FF" + FFY)))) = 2" + FF (y)) +a” = 2" + y + 20”. 
On the other hand using the given identity and (1) gives 


FF" + FF) = FOP (@) + FY) = P(e) Hy = (a +a") + y. 
Hence x" + 2a” = (x+a")" for any x € R. Comparing the coefficients 
of x”~' on both sides we conclude that a = 0. Thus (1) takes the form 
f(f(y)) = y and the given condition for y = 0 gives 


F(a") = FP (a) (2). 
Then for any x € Rf andy € R we get 


flaty) = f(a)" + FF) = V2) + Fy) = Fe) + FO); 


ie. f(x +y) = f(x) + f(y). Now it follows easily that the function f 
is additive on the whole R. 

Now we shall show that either f(x) > 0 for any x € Rt or f(x) <0 
for any x € Rt. Set f(1) = b. Then for any x € Randr € Qt we 
have 


D @ Fr = Fe +r) = f"(etr) = 


= (f(0) + 6°)" => (7) Aor) 
k=0 

Comparing the coefficients of r”~? on both sides gives f(x?) = b=? f?(z). 
This shows that for any x € R* the sign of f(x) is that of b”~?, 

Thus the additive function f is bounded from below or from above on 
R* and therefore (see the Remark after Problem 19) f(x) = bx for all 
x € R. Going back to the given condition we get b(a”+ by) = bz” +y 
for all x,y € R. Hence b = b” and b? = 1 which shows that b = 1 for 
n even and b = +1 for n odd. Thus the solutions of the problem are 
the following functions: f(x) = x if n is even; f(x) = x and f(x) = —x 
if n is odd. 


Remarks. 

1. For n = 2 this is Problem 2 from IMO 71992. 

2. If n = 1 the above equation is equivalent to f(x) + f(y) =0 and 
f(f(x)) = 0 for all z,y € R. We should note that there exist functions 
which satisfy these conditions and are unbounded on any interval. 
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Problem 134. Let n > 3 be a positive integer. Find all continuous 
functions f: [0;1] — R for which f(x) + f(x2) +... + f&n) = 1 
whenever 21, %2,...,2n € [0; 1] and £1 + £2 +... + £n =1. 


Solution. If x,y € [0;1] and +y < 1 then we conclude f(x)+f(y)+ 
a a O aar O land a Oa a 
f(O)+...+/(0) = 1 thus f(x)+ f(y) = f(a@+y)+f(0) so f(x) = ax+b. 
Then f(x1) + f(vo) +... + f(@n) = a(zı + z2 +... + £n) + Nb = a + nb 
for z1 + T2 +... + £n = 1 hence a = 1 — nb so f(x) = (1 — nb)z +b. 

Equations for Polynomials 


Problem 28. (Bulgaria ’2001) Find all polynomials P € R[x] such 
that 


P(2)P(x +1) = P(x’) 
for alla € R. 


Solution. If P = const then P = 0 or P = 1. Suppose now that 
P Æ const. Note that the given identity is satisfied for any x € C. If 
a € C is a root of P then P(a?) = 0 and it follows by induction that 
P(a?") = 0. Hence either a = 0 or |a| = 1 since otherwise P would 
have infinitely many roots. 

On the other hand it follows from the given identity that (a — 1)? is 
a root of P and therefore 6((a — 1)? — 1)? is also a root of P. Then 
either 8 = 0 or 8 = 1, ie. a=0,a = 2 or la(a — 2)| = 2. Ifa £0 
then |a| = 1 and ja — 2| = 1, i.e. a=1. 

Hence all the roots of the polynomial P(x) are equal to 0 or 1. Hence 
P(x) = cx”(x — 1)™ and the given condition implies that P(x) = 
x"(x —1)" where n E N. 


Problem 29. (IMO ’1979, Shortlisted Problem) Find all polynomi- 
als P € R[x] such that 


P(2)P(2a7) = P(22° + x) 
for alla € R. 
Solution. If P = const then P = 0 or P = 1. Now set P(x) = 
>D a,x" * where n = degP > 1 and ao # 0. Comparing the coefficients 
k=0 


of zën on both sides of the given identity we get aj = ao, i.e. do = 1. 
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Let P(x) = «*P,(x) where k > 0 and P,(0) # 0. Then the given 
identity can be rewritten as 


2a? k Pi (x) P, (22°) = (22? + 1)* P (223 + z). 


It follows that k = 0 since otherwise P,(0) = 0, a contradiction. Now 
the above identity for x = 0 gives a, = P(0) = 1. Hence by the Vieta 
theorem we see that the product of all roots of P is equal to 1. 

Now let a € C be the root of P whose modulus is a maximum. 
Then P(2x? + a) = 0 and therefore |a| < 1 since otherwise |2a? + a] > 
|a|(2|a|? — 1) > Ja], a contradiction. Hence |a| = 1 and |2a? + 1| = 1. 
Set a = cosy + isin y. Then 2a? + 1 = (2cos2y + 1) — i.2sin 2y, i.e. 
(2cos2y + 1)? + (2sin 2y)? = 1 It follows that cos2y = —1. Hence 
a = +i and since the coefficients of P(x) are real we conclude that i 
and —i are roots of P(x). Set P(x) = (x? +1)™Q(zx) where m > 1 
and Q(i)Q(—i) # 0. Then using the identity (x? + 1)((2x7)? + 1) = 
((2x° + x)? + 1) we see that the polynomial Q(x) satisfies the given 
conditions. Now the same arguments as above show that Q = 0 or 
Q = 1 (recall that Q(i)Q(—i) # 0). Hence the solutions of the problems 
are the polynomials Q = 0,Q = 1 and Q(z) = (x? +1)” where n € N. 

Another solution is also possible: 

If u is a root of P then by setting x = u we get that 2u? + u is also a 
root of P. Let r be the root of largest absolute value. Then |2r? +r] < 
Ir| hence 2|r|? — |r| < |r| so |r| < 1. So all roots of P have absolute 
value at most 1. Now set x — —2x to get P(—x)P(2x?) = P(—2x? —2). 
Comparing it with the condition we get A = a Now if we 
set P(x) = Q(x?)R(x) where R has no two roots that add up to zero 


(thus R(x), R(—x) have no common root) then we have es = Wey. 
So We = (eee Now R(2x? + x) and R(—2x? — x) also have no 


common root: if w is a common root of both R(2z3+) and R(—2x?—2) 
then 2w? + w, —2w? — w are two solutions of R(x) which add up to 
zero. Hence we get R(2x3 + x)R(—x) = R(—2x° — x) R(x) and thus 
R(2x° + x)|R(x). This is possible only when R is constant because 
otherwise the degree of R(2x* + x) is higher that the degree of R. So 
P(x) = Q(x?) and we get Q(x7)Q(4z*) = Q(42° + 424 + x7). Now 
if we replace x? by x we get Q(x)Q(4x”) = Q(4r? + 4z +1). All 
roots of Q have absolute value at most 1, as we have shown. Now let 
Q(x) = aJ ale — r:) then O47) = tafl -ye + Vy 
and Q(4a° + 4x? + £) = 4”a J [; (a? + 2? + Ẹ-— ri). Consider now the 
sum of roots of Q(x)Q(4x°) and the sum of roots of Q(4x? + 4x? + 1). 
The sum of roots of Q(x) is X; r; the sum of roots of Q(4z°) is 


zero, and the sum of roots of Q(4r? + 4x? + 1) is —n because we 
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have n factors x? + z? + 4 — 7; the sum of whose roots is —1. So 
Xiri = —n and as |r;| < 1 this is possible only when r; = —1. So 
Q(x) = a(x + 1)". Now if Q 4 0 then we get a? = a if looking at the 
leading coefficient of Q(x)Q(4x7) = Q(42? + 42 + x) so a = 1. Finally 
as (x +1)(4r? +1) = (4r? +42? +2+1) we deduce that Q(x) = (x+1)” 
satisfies the conditions. 

So all solutions to our original problem are P(x) = 0 and P(x) = 


(2? +1)”. 


Problem 30. (Romania ’1990) Find all polynomials P € R[x] such 
that 
2P(2x7 — 1) = P®(x) —2 
for all x € R. 


Solution. Suppose that P(x) # P(1) and set P(x) = (x—1)"Q(ax)+ 
P(1) where n € N and Q(1) #0. Then 


A(x — 1)" (x + 1)"Q(2x” — 1) + 2P(1) = 


(x — 1)?nQ(x) + 2(x — 1)"Q(x)P(1) + P?(1) -2 
and using 2P(1) = P?(1) — 2 we get 
A(z + 1)"Q(2a? — 1) = (x — 1)"Q(x) + 2Q(z)P(1). 
This identity for x = 1 gives Q(1)(2"*! — P(1)) = 0. Taking into ac- 
count that P(1) = 1+ V3 we get Q(1) = 0, a contradiction. Thus 


P(x) = P(1) and the only solutions are the constant polynomials 
P(x) = 1+ V3 and P(x) = 1 — V3. 


Problem 60.Let k,l € N be integers. Find all polynomials P for 
which zP(x — k) = (x — I) P(x) 


Solution. If the degree of P is n, P(x) = ax" + br"! +... then 
P(x — k) = ax” + (b — nake”! +... hence xP(x — k) = ax"! + 
(b — nak)", (x — 1)P(x) = az?! + (b — la)” +... sol = nk. So 
xP(x—k) = (x—nk)P(x). Then z|P(x), k is a root of P(x) hence 2k is 
a root of P(a—k) and as P(a—k)|(a—nk) P(x) we conclude that ifn > 2 
then 2k is a root of x and so on, obtaining z(x—k) ... (w—(n—1)k)|P(2). 
If P(x) = «(a — k)...(a — (n — 1)k)Q(a) the condition transforms 
to Q(x — k) = Q(x) which is possible only for constant Q, so P = 
cx(x —k)...(a — (n —1)k), which is clearly a solution. 
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Problem 61.Find all nonconstant polynomials P that satisfy P(x) P(£x+ 
1) = P(x? +x +1). 


Solution. If P is non-constant, let w be its root of maximal absolute 
value. Set x = w to conclude that w, = w? + w + 1 is a root of P and 
x = w — 1 to conclude that w = w? — w + 1 is a root of P. Then 
|w; — w| = 2|w| but Jw, — we] < |wi] + |we| = 2|w|. The equality 
can hold only if wı + wz = 0 so w? +1 = 0 hence w = +i. In this 
case (w1, w2) = (i,—7). Thus 2? + 1|P(x). However Q(x) = z? +1 
satisfies Q(x)Q(x + 1) = Q(x? + x +1), therefore J satisfies the same 
condition. We can repeat the same operation until we reach a constant 
polynomial, so P(x) = c(x? + 1)”, which satisfies the condition. 


Problem 126. Find all polynomials P € C[X] that satisfy P(x) P(—x) = 
Pie) 


Solution. If P = c is constant then c? = c soc = 0,1. Assume 
now P is not constant. If r is a non-zero root of P then r° is also a 
root of P (just set x = r). Then r?” is also a root of P by induction. 
As P has finitely many roots, r?” = r?” for some k,m hence r| ck 
We have found thus a root w for which w?” = w thus w”! = 1. 
If n is minimal with this property, then w,w?,...,w?” are different 
roots of P hence Q(x) = (x — w)(x —w?) ...(x—w?" ') divides P. Now 
Q(x)Q(-2) = (e@—w)(-a—w)...(@—w?")(-a—w"™) = (-1)"(@?- 
w?)... (x? —w*") = (-1)"Q(x”) because w?” = w. Thus (—1)"Q satis- 
fies the original condition, so we can divide P by Q and the condition 
holds for eps. Now repeating this argument as many times as nec- 
essary we shall reach a polynomial with no non-zero roots. Then if 
P(x) = cx” we have cx"cx"(—1)" = cx?” which gives c = (—1)”. Con- 
cluding, all set of solutions is given by P(x) = (—x)"[]Q;(x) where 
each Q; = (w — x)(w? — x)(wt — 2)... (w?” — x) where w?” = w. 


Problem 127. Find all polynomials P(x) which are solutions of the 
equation P(x? — y?) = P(x — y)P(x + y) 


Solution. Suppose w is a root of P. Then x — y = w implies 
xz? — y? = w(x +y) = w(2zr — w) is also a root of w. Now if w 4 0 
x? — y? can take any value being a non-constant linear function in x so 
P is identically zero. Thus P is either identically zero or has all roots 
zero. If P = cx” we get c(x? — y”)” = c(a—y)"c(a@ +y)” = e(r? — y?)” 
so c= 1. So all solutions are P(x) = 0, P(x) = x” for n > 0. 


Problem 129. Find all polynomials P € C|X] that satisfy P(2x) = 
P'(x)P” (a) 
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Solution. If deg(P) = k > 0 then the degree of P' P” is 2k—3 (unless 
k = 1 when it is zero) so k = 3. Now if the leading coefficient of P 
is a then the leading coefficients of P(2x), P'(x), P” (x) are 8a, 3a, 6a 


respectively so 8a = 18a? hence a = $. Now let P’(x) = (x — 4a)(x — 


4b). Then P” (x) = (x — 2a — 2b) and hence P(2x) = §(a — 4a)(x — 


4b)(x — 2a — 2b) so P(x) = E(x — 2a)(a — 2b)(x — a — b), P(x) = 
(3x? — 6(a + b)x + 2a? + 2b? + 8ab). As P(x) = (x — 4a)(x — 4b) = 
b 


3 
(3z? — 12(a + b)x + 48a 


we conclude b = —a and —4a? = —48a? 


hence a = b = 0 and P(x) = fx’. 


Iterations 


Problem 33. (Bulgaria 1996) Find all functions f: Z — Z such 
that 


3f(n) — 2f(f(n)) =n 
for alln € Z. 
Solution. For a given n set 
ao = 1,de41 = flax), k=O. 
Then the given identity gives 
3Qp41 — 2ak42 = Ak, k> 0. 
The characteristic equation of this recurrence is 3x—2x? = 1 with roots 


1 
1 and 5 Hence 


k 
1 
a, = égil*® + Cy G) ; (1) 


where cy = 2a, — ap and cı = 2(aọ — a1). It follows from (1) that 2* 
divides cı for any k > 0. Hence cı = 0 and ak = Co = 2aı — ao for any 
k > 0. In particular a; = ag, i.e. f(n) =n. 


Problem 34. Find all functions f: Rt — R* such that 
f(F(&)) + f(x) = 6x 


for alla € R*. 


Solution. For a given x € R* set 
ao =z, Geet = flak), k>0. 
Then we obtain the recurrence relation 


ak+2 + ak1 = bak, k>O. 
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Its characteristic equation 
g+a2=6 
has roots 2 and —3. Hence 


ag = co2” + c1(—3)* 


3 1 2a9 — ae 
where co = ae and cy = SS Note that jim oe = +00. 
Hence jim do, = —co if a < 0 and jim a2k + 1 = —œ if a > 0. Hence 


cı = 0, Le. ak}ı = 2a, and therefore f(x) = 2x for any x € R*. 


Problem 35. Find all functions f: Rt — R* such that 
FEGE) + FF (@)) = 2a +5 


for alla € Rt. 


Solution. Using the same notation as in the solution of the previous 
problem we have 
Gkts + ak+2 = 2ak +5, k>O. (1) 
Subtracting this equality from 
Arya + ak+3 = 2ak+1 +5 
we get 
Appa = Anza + 2dp41 + 2ap, k>O. 


The characteristic equation x* = x? + 2x + 2 can be written as (£ — 


1)?(a? + 22 +2) = 0, i.e. it has a double root 1 and two complex roots 
V2 (cos T + isin | . Hence 


k kr _ kr 

ak = Co + Cik + 22 (cooos t7 +esin EE) 
where the constants cn, 0 < n < 3 are real and depend only on the 
first four terms of the sequence. Considering the subsequences with 
indexes congruent respectively to 0, 2, 4, 6 modulo 8 we conclude, as 
in the solution of the previous problem, that respectively cp > 0, c3 > 
0, co < 0, c3 < 0, i.e. co = c3 = 0. Thus akı = ak +c, and using 
(1) we get cı = 1. Hence f(x) =x+1 for alla € Rt. 
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Problem 66. Find all continuous functions f: R — R that satisfy 


f(F(2)) = f(x) + 22 
for any x E€ R. 


Solution. It is clear that f is injective. Now we prove it’s surjective. 
Assume for contradiction that f(x) 4 a. Then as f is continuous we 
either have f(x) > aor f(x) < a. If f(x) > a then we deduce f(f(x))— 
f(x) = 2x so f(x) > a—2x. Now f is injective and continuous, so either 
increasing or decreasing. If f is increasing then f(—n) > 2n+a for n € 
N hence f(0) > f(—n) > 2n +a for any n € N which is impossible. If 
f is decreasing then we get f(f(x)) < f(a) hence f(x) < f(a)— 2x <a 
when z is sufficiently large contradiction. Assume now that f(x) < a. 
We then deduce f(x) < a — 22, f(f(x)) < 2x — a. If f is increasing 
then as f(x) < x for x > a we get 2x = f(f(x)) — f(x) < 0 for 
x > a impossible if x > 0. If f is decreasing then f(n) < a — 2n for 
n € N hence f(0) < a— 2n for all n € N, impossible. So we have 
proven that f is injective and surjective, so has an inverse g. If we 
try the usual pattern: setting a, = fn(x) and using the recurrence 
An42 = Anti + 2an, this will lead us nowhere because we cannot link 
the recurrence with the continuity of f, as the roots of the equation are 
—1 and 2 so the members of the sequence will get larger and sparser 
with increasing n. However we may use the backwards formula: if 


y = g(x) then 2y + x = f(x) soy = Aoza, So if we set an = gn(x) 
then a, satisfies the recurrence an+2 + ant — % and the associated 
equation x? + I t = 0 has roots —1, F, The general term has formula 


ad, = u(-1)" + v(5)” hence the odd terms of the sequence converge 
to —u and the even to u. As f(@n41) = an using the continuity we 
deduce f(u) = —u, f(—u) = u. Now u can be computed from the 
initial values: if ao = f(x),a1 = x we have u +v = f(x), —u +3 =% 
so u = —_— Let h(x) = ee A = Imh. As h is continuous, A 
must be connected. Also A is symmetric with respect to the origin, 
because if t € A then f(t) = —t hence to- = —t so —t E Á. Ais 
also not empty by the definition. Hence either A consists of a single 
point 0 so f(x) = 2x or A contains an interval (—a;a). We prove 
that if A contains an interval then A = R. Without loss of generality 
assume A = [—a;a] or A = (—a;a). Suppose h(x) = t Æ 0, |t| < a. 
AS aan — t,dan-1 — —t, for some n we have asn € A SO Agn_1 E€ A 
thus we have an = —d2n—; and thus we can conclude by induction on 
k don—2k = Gen, Q2n—2k-1 = Aan_1 SO f(x) = —x and x is in A. We have 
only one trouble: if A is |[—a; a] and t = ta. Then we cannot say asn € t 
for some n as t is in the boundary of A. We can handle it like this: Let 
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B be the set of all x for which f(x) 4 —x. B = (—o0; —a) (a; +00). 
B can be split in two sets: C of x which satisfy h(x) = a and D 
of x which satisfy h(x) = —a. Both sets are connected and closed 
therefore either C = B, D = B, C = (—œ;—a), D = (a;+c0) or 
D = (—00;—a),C = (a;+00). However f(x) = 2x + 3a if x € C and 
f(x) = 2x —3a if x € D. Thus if (a; +00) C C we get f (xo) = 229+ 3a 
for x) > a and taking the limit in a we get f(a) = 5a impossible. 
Hence (a;-+00) C D. Analogously (—oo; —a) C C. Thus we conclude 
f(x) = —a if |x < al, f(x) = 2x—3a if x >a, f(x) = 24+3ais gz < —a. 
Now if x > 2a then f(x) = 2x — 3a, f(f(x)) = 2f(x) —3a = 4 f(x) — 9a 
but 22 + f(x) = 4x — 3a # f(f(x)) fora > 0. So A = R and the 
solutions are f(x) = 22, f(x) = —a. 


Problem 67. Find all increasing bijections f of R onto itself that 
satisfy 


fe) + f@) = 2 


where f~t is the inverse of f. 


Solution. Set x — f(x) into the condition to get f(f(x)) = 2x — 
f(x). Hence if we set an = fn(x) we get dny2 = 2Gn41 — Gn SO Onze — 
An+1 = On41 — an and from here we get an = a; + (n — 1)(a2 — a1). So 
f(a+k(f(z) -—2)) =2+(k+1)(f(z) — 2). Now we prove f(x) —z is 
constant. Indeed assume that a = f(u)—u < b = f(v)—v. We shall find 
such m that satisfy u+ka < v+lbandut+(k+1)a < v+(/+1)b. If $ is 
rational then there is an x > 0 such that a = pz, v = qu where (p,q) = 1 
and p < q. Also set [“*] =r. Then we take k,l with lg—kp = r hence 
lb—ka = rx. So (u+ka)—(v+lb) = (u—v)—(lb—ka) = (u—v)- [==] > 
0 but (u+ (k+1)a)—(v+(1+1)b) = (u—v) -[S*)]+a-b < r+a—b = 
x+ pr — qz = (p+ 1—q)x < 0. Ifẹ is irrational then by Kronecker’s 
Theorem we can find k,l with u — v +a — b < lb — ka < u — v hence 
u + ka >v + lb while u+ (k + 1)a < v + (l+ 1)b. 

But f(u+ka) = u+(k+1)a, f(v+lb) = v+(l1+1)b and this contradicts 
the fact that f is increasing, contradiction. Hence f(x) = «+c and all 
such functions satisfy the conditions. 


Problem 40. (M*209) Find all functions f: R — R such that 
flat) oe land f(x +y) > fai ly) 


for all x,y E€ R. 
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Solution. The second condition implies that f(7;+a2+---+%,) > 
f (x1) f (<°)... f(a) for any x; € R, 1<i<n. In particular 


£ 
> f” |- 
soar) 
for any x € Randn € N. Hence 
fo) > fr (=) > (145) 
n n 
and letting n — oo gives f(x) > e”. In particular f(0) = 1. Now 


1= f(0) > f@)f(-a) 2ee*=1 


which shows that f(x) = e”. It is easy to check that this function 
satisfies the conditions of the problem. 


Problem 41. (Belarus 71998) Prove that: 
a) if a < 1 then there is no function f: Rt — R* such that 


s(t) eta (1) 


for all z € Rt; 
b) if a > 1 then there are infinitely many functions f: Rt — Rt 
satisfying (1). 


Solution. a) Suppose that f: Rt — R*+ satisfies (1). Set 


If f(z) > 1 then y = f(x) —a > 0 and f(g(y)) = f(x). But (1) 
implies that the function f is injective and therefore x = g(y) > 2. 
Hence f(x) < 1 for any x € (0,2) with at most one exception. For 
any x € (0,2) we have 


~a>0, z=f(gly))=2 f(z) = T 


1 
Y =EN 
f(z) 
z +a = f(g(z)) = flg(z)) =a +a. 
Thus 2 < z = x < 2, a contradiction. 

b) Let a > 1 and f be an arbitrary strongly increasing continuous 
function on the interval [0,2] such that f(0) = 1 and f(2) =a. Then 
(1) defines a unique strongly increasing continuous function f on RẸ. 

1 
Indeed, let g(x) = f(x) + —~ 
(2) = fle) + 7 


ao = 0, an = g(Gn_1), n E N. Suppose that f has been defined as a 


and define the sequence {a,,}°29 by: 
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strongly increasing and continuous function on the interval (an—1, an] 
greater than 1. Then it is easy to check that g(x) is strongly increasing 
and continuous function on this interval with g(@n_1) = Gn, glan) = 
Qn41- Hence for any  € (dn, Gn41] there is a unique y E€ (an-1, Gn] 
such that x = g(y) and set f(x) = y +a. It follows by induction that 
the function f(x) is defined on Rf and it satisfies (1) on Rt. 


Problem 42. (Bulgaria ’2003) Find all a > 0 for which there exists 
a function f: R — R having the following two properties: 

(i) f(x) =ax+1—a for any xz € [2,3); 

(i) f(f(z))=3-2x for anya E R. 


Solution. Set h(x) = f(~+1)—1. Then the conditions (i) and (ii) 
can be written as h(x) = ax for x € [1,2) and h(h(x)) = 2x for any 
x € R. Then h(—2zr) = h(h(h(x))) = —2h(x); in particular h(0) = 0. 
It follows by induction that h(4"x) = 4"h(x) for any integer n and 
hence h(x) > 0 for x € [4",2.4"). On the other hand 0 > —22 = 
h(h(x)) = h(ax) for x € [1,2) and therefore [a,2a) C [2.4*,4***) for 
an integer k. Thus a = 2.4". Conversely, let a = 2.4} for some integer 
k. Then one checks easily that the function 


ax for x € [4",2.4"), 
2x 
—— for g e [24,4 +t), 
a 
h(x)=<4 0 for 6° 0), 
ax for x € (—4"*1, —2.4"], 
2x 


for x € (—2.4”,—4"] 
a 


where n runs over the integers has the desired properties. One can 
easily prove that this is the only function with the given properties. 


Polynomial Recurrences and Continuity 


Problem 56.Find all continuous functions f,g: R — R that satisfy 
fie +y) tfe -=y)=2fle)gy) 


Solution. This resembles D’Alembert’s equation, but it’s a general- 
ized version of it. We try to reduce it to D’Alembert’s equation. If f is 
identically zero, then g could be any function. Otherwise, if f(ao) = 0 
we get f(t +y) + f(£o — y) = 2f(xo)9(y) = f(@o — y) + f (zo + y) = 
2f(xo)g(—y) so g is an even function. Now set y = 0 to get g(0) = 1. 
We now distinguish two cases: 
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a) f(0) = 0. In this case set x = 0 to get f(y) + f(—y) = 0 so 
f is an odd function. Therefore f(x + y) + f(x — y) = 2f(x)g(y) 
and f(r +y) — f(e@—y) = fy+2) + fly — 2) = 29(x) fly). Hence 
fæ +y) = f(x)gy) + (x) fy), f(z — y) = f(w)g(y) — 9(x) f(y). This 
resembles the formulae for the sine of sum, with f for sine and g for 
cosine (this is confirmed by the oddness of f and evenness of g). We 
only lack the cosine of the sum formula, so let’s set x — x + y into our 
second formula to get f(x) = f(z +y)gly)—- glz +y) fly) = (F(@)g(y) + 


Hig? 
g(x) f(y))9(y) — g(a + y) f(y) hence g(a +y) = g(x)g(y) - Moe) 
This is not really the formula we expected, but if we replace y by —y we 


2\(1—¢2 
get g(x —y) = g(x) gy) + EPEA so g(a +y) + g(a—-y) = 2g(x)g(y) 


for f(y) 4 0. So g can be found from D’Alembert’s equation but we 
have a problem: if f(y) = 0 then the condition g(x + y) + glz — y) = 
2g(x)g(y) may not hold. If there is a sequence yn that tends to y and 
f (Yn) Æ 0 then it holds by continuity. Otherwise there is an interval 7 
containing y s.t. f is identically zero on J. Let l be the length of J. If 
we denote by X — Y the set {x — y|x € X,y € Y} then the formula 
f(x—y) = f(x)g(y) — f(y)g(x) says that if f is zero on X,Y then it’s 
zero on X — Y. Hence f is zero on J — I = (-I,1). Then f is zero on 
(1, 1) — (1, -l) = (21, —21) and so on, f being zero on (2*1, —2*1) for 
any k, so f is identically zero, contradiction. Therefore D’Alembert’s 
equation is satisfied by g for all x and y hence g(x) = cos(ax) or 
g(x) = cosh(ax) for some a. Without loss of generality g(x) = cos(az), 
the second case being handled analogously. For a = 0 g = 1 and we get 
f(x +y) = f(x) + f(y) hence f is linear. Now suppose a # 0. If now 
f(x) = bz sin(ax) for f(x) # 0,sinax # 0 then we prove by induction 
on n that f(nxz) = b,sin(anx), because csin(ax), cos(ax) satisfy our 
initial condition. Now we claim b, = b, for all x,y. If = € Q then 
there is z such that x = mz,y = nz for m,n € N thus b, = b, = by. 
If : E Q then there is a sequence x, such that ® € Q, £n — y. Then 
bs, = x and using the continuity of f we get f(y) = bysin(ay) so 
b, = by. We thus conclude that f(x) = bro sin(ax) when f(x) #0. If 
f(x) = 0 or sin(ax) then there is a sequence £n — x such that f (£n) Æ 
0,sin(azn) # 0 and by continuity we get f(x) = bz sin(ax) therefore 
f(x) = bsin(ax), g(x) = cos(ax). It’s clear they satisfy our condition. 
For the case g(x) = cosh(ax) analogously we get f(x) = bsinh(az). 

b) f(0) #0. We employ case a. Set f(x) = f(x) + f(—x), f7 (x) = 
f(x) — f(—a). If f satisfies the condition then —/f also satisfies the 
condition, hence so do f*, f~ (the condition is linear in f). But f7 
falls into case a) Therefore g(x) = cos(ax), f~ (x) = bsin(ax) or g(x) = 
cosh(ax), f~ (x) = bsinh(ax). We can also suppose f*(0) = 1 because 
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we can multiply or divide f by any constant we want. Now we have 
fraety)+ fr(e—y) = 2f (gy) and f(aty)+ fy-2) = 
2g(x)f*(y) if x,y change places. As ft is even f(y — x) = ft(x—y), 
thus f*(x)g(y) = f*(y)g(). Particularly f*(x)g(0) = f*(0)g(a). As 
f*(0) = g(0) = 1 we have ft = g. 

If we combine all the cases, we get f(x) = br +c, g(x) = 1, f(x) = 
csin(ax)+dcos(ax), g(x) = cos(ax), f(x) = csinh(ax)+dcosh(ax), g(x) 
cosh(ax). All of these satisfy the condition. 


Problem 58.Find all continuous functions f,g,h: R — R that sat- 
isfy 


f(z +y) + g(a — y) = 2(h(x) + h(y)) 


Solution. If we interchange x with y we obtain that g is even. Now 
set y = 0 to get f(x)+9(x) = 2(h(x)+A(0)). Without loss of generality 
h(0) = 0 because otherwise we can work with f(x) — 2h(0), g(x) — 
2h(0), h(x) — h(O) instead. So f(x) + g(x) = 2h(x). Now replace y by 
—y to get f(x — y) + glz +y) = 2(h(x) + h(—y)). Adding it with the 
original condition we get f(x — y) + glz — y) + f(x +y) + glz +y) = 
Ah(x)+2h(y)+2h(—y) or 2h(x—y)+2h(x+y) = 4h(x)+2h(y)+2h(—y). 
Let’s solve this equation. We settle it for h even and for h odd, because 
h can be written as ht +h~, where ht (x) = Maltaa) is even, h7 (x) = 
Meiha) is odd. 

If h is even we get h(x — y) + h(a + y) = 2h(x) + 2h(y). Set y = z 
to get h(2x) = 4h(x). Then we can prove by induction on n that 
h(nx) = n?x, the induction step following directly from the condition 
written for y = na. If h(1) = a then q?h(=) = a so h(i) = $ hence 
he) = ak. As Q is dense using the continuity we get h(x) = az’. 

If h is odd we get h(x — y) + h(a + y) = 2h(x). Set y = 0 to get 
h(2x) = 2h(x) hence h(a—y)+h(a+y) = h(2x) and as 2x = r—y+r+y 
we conclude that h is additive so h(x) = bz. 

Combining these two results we deduce that h(x) = ax? + bx. Then 
fle+y)+g(@—y) = 2a(z’ +y’) +b(x +y) so fi(ety)+gi(e—y) =0 
where fi(z) = f(x) — ax? — bz, g(x) = g(x) — ax?. Asxt+y,xr-—y 
are independent, we conclude filu) = —gi(v) for all u,v so f(x) = 
d, g:(x) = —d for some d. We conclude that f(x) = ax?+bx+d, g(x) = 
ax? — d, h(x) = ax? + bz. 

As we have supposed that A(0) = 0 in the general case if h(0) = c we 
get f(x) = ax? + br + 2c + d, g(x) = ax? + 2c — d, h(x) = az? + bzr + c. 
These functions satisfy the condition. 
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Problem 113. Find all continuous functions f,g,h,k: R — R that 
satisfy f(x +y) + g(x — y) = 2h(z)k(y) 


Solution. This is a generalization of the previous problem. In 
order to connect it to the previous one we try to eliminate g. Replace 
y by —y to get f(x —y) + g(x + y) = 2h(x)k(y). Now subtracting 
these conditions and setting u = f — g,l(x) = k(x) — k(—2x) we get 
u(a@+y)—u(a—y) = 2h(x)l(y)(*). From here find u explicitly by using 
the same helpful lemma. Indeed if we set a, = f (nx) then setting nx 
instead of x, x instead of y he get an+1ı — an-ı = 2h(nx)l(x). If l(x) = 0 
then asn = ao thus f(2nz) is constant. If I(x) 4 0 then taking y = 2x 
we deduce an+2— an-2 = 2h(nx)l(2x) thus an+2—an-2 = O(Gn41—Gn_1) 


where b = ae The associated polynomial of this quadratic recurrence 


is xt—b(x3—x)—1 = (x+1)(x—-1)(x?-br+1). Ifb A +2 this polynomial 
has four different roots 1, —1, w, =. Thus a, = a+B(-1)"+yw" +0. 
SO don = Q + Ê +W” 4 os. If b = 2 the polynomial has a triple roots 
1 and we have a, = p(n) + c(—1)” where p is a polynomial of degree 
at most 2. So u(2nx) = p(2nx) where p is some polynomial of degree 
at most 2. Finally if b = —2 we get a triple root —1 and a root —1 
and similarly u(n) = p(2nz) where p is some polynomial of degree at 
most 2. Thus we can apply the lemma to establish that either u(x) 
is a polynomial of degree at most 2 or u(x) = ae + Be~™ + y (1). 
Now if we add the equalities in the beginning instead of subtracting 
them we get v(x + y) + u(x — y) = 2h(x)j(y)(**) where j(y) = k(y) + 
k(—y). We proceed exactly like in the previous problem to establish 
that v is either linear or a'e”? + B’e~*” (2). If v is linear then so 
is h. Therefore u cannot be of form ae“ + Ge~* for a # 0 because 


then I(y) = wee ye = “To (e% — e~%) and does depend on 
x. So u is a polynomial of degree 2 and hence so are f = ue g=**. 
If f(x) = axr? + br +c,9(x) = —ax* + dx + e (the coefficients of 


x” are complementary because they come only from u) then we have 
f(e+y)—-gle@—y) = a((z+y)?—(@—-y)*) +0(a@+y)+d(z@—-y) +e+e = 
dary + (b+d)x4+(b—d)yt+cte. As h is linear, h(x) = kx +1 then 
k(y) is also linear. Thus k(x)h(y) = (ka + 1)(my +n) = mnaxy + 


knz + lmy + In. Therefore a = 77,b = kntim e = knim c4 e = 
In. Next suppose that v is of form a'e”? + 8'e% then we conclude 
h(x) = c(ale“® + B’e~**). In this case a = a! or a = —a' because 


then looking at (*) we get k(y) = why ee As k does not depend 
on x but h depends exponentially on a’x we readily conclude that 
u must be of form ae? + Ge~** + y and then a = +a'x in order 


for h(x) to cancel in the expression for k(y). We substitute u,v into 
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f,g to get f(x) = ke + le“ +m, g(x) = re + se“ — m. Then 
f(at+y)+g(a—y) = (ke +re~-™ Je + (le~ + se )e—™ = h(x) k(y). 
If we avoid the trivial case k = r = 1 = s = 0 then h,k cannot be 
identically zero thus selecting x = xo with h(a) # 0 we can express 
k(y) as kye" + koe~%, and selecting y = yo with k(yo) # 0 we can 
select h(x) = hye + hoe~*. Thus substituting we get k = hiki, l = 
kəhə,r = hyko,s = hak, to obtain the parametric representation for 


f: 9, h,k. 


Problem 116. Find all continuous functions f,g,h: R — R that 
satisfy 


fia +y)+ fly +z) + fet) = glz) + gly) +gl(z) thle +y+ z) 


Solution. Set x = y = 0 to get 3f (0) = 3g(0) + A(0). Thus we can 
assume f(0) = g(0) = h(0) otherwise work with f — f (0), g — g(0), h — 
h(0) which satisfy the original condition. Next like in the previous 
problem set z = —z to get f(x +y) + flx — y) = glz) + g(-y) + 
gly) + h(x). Particularly y = 0 gives us 2f(x) = g(x) + h(x) hence 
f(x +y)+ f(a — y) = 2f(x) + gly) + g(—y). Now we proceed exactly 
like in the previous problem to conclude that f(x) = ax” + br. Now 
set u(x) = g(x) — f(x) = f(x) — h(x). As f satisfies the condition 
fla+y) + Fly tz) + fi +r) = flatyt2) + fle) + fy) + Fle) of 
the previous problem, comparing it with the condition of this problem 
yields u(x)+u(y)+u(z) = u(a+y+z). So u is additive and continuous. 
From here we establish f,g,h completely: f(x) = az? + br + k, g(x) = 
ax? + (b+c)x +1,h(x) = ax? + (b-—c)x +m where k = f(0),l = 
g(0).m = h(0) obey 3k = 31+ m. 


Problem 133. Find all continuous functions f- R — R that satisfy 
TEOT aE O 


Solution. If f(0) = 0 then we conclude f?(x) = 0 so f is identically 
zero. If f(0) Æ 0 the for some z > 0 we get f(x) #0 for all x € (—z; z). 
Now by setting y = x we get f(2x)f(0) = f*(x) hence if f(x) 4 0 then 
f(2x) # 0 and since f is non-zero on (—z;z) on the whole real line. 
Also f has constant sign because f(x + y) f(x — y) is positive for all 
x,y. Without loss of generality let f > 0 (the second case is analogous 
by working with —f instead of f). Let g(x) = In f(x). Then we get 
g(x +y) + g(x — y) = 29(x) + 2g(y) For z = y = 0 we get g(0) = 0. 
Thus if we set a, = f(nx) we deduce an41 — 2an + an-ı = 2g(x) thus 
dn = n*g(x). We conclude using the lemma that g(x) = ax. So the 


solutions are f(x) = 0, f(x) = e, f(x) = -e 
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The Odd and Even Parts of a Function 


Problem 120. Find all continuous functions f,g,h: R — R that 
obey 


f(a+y)+g(ry) = h(x)h(y) +1 


) 

Solution. If y = 0 then f(x) = h(x)h(0) +1 — (0). We can assume 
g(0) = 0 otherwise replace f by f + g(0),g — g(0) to get the same 
condition. We get f(x) = h(x)h(0) +1 so h(a + y)h(0) + glzy) = 
h(x)h(y). If h(0) = 0 we get h(x)h(y ) = g(xy) = h(xy)h(1) so from 
were h(x) = ax" for some k, g(x = = a°x*". If h(0) 4 0 we can assume 
h(0) = 1 otherwise replace h by +} TO I by 2 to maintain the condition. 
So we have h(x + y) + g(xy) = Rha. If we set y = 1 we get 
g(x) = ah(x)— h(x +1) where a = h(1). So we get h(x +y) +ah(zy) = 
h(x)h(y)+h(zy+ 1). Now let u,v be the even and odd parts of h. We 
have u(x + y) + u(x + y) + au(xy) + av(xy) = (u(x) + v(x)) (u(y) + 
v(y)) + u(xy + 1) + v(zy + 1). Now if we replace x,y by —z,—y we 
get u(x + y) — v(x + y) + au(zy) + av(zy) = (u(x) — v(z)) (u(y) — 
v(y)) + u(y +1) + v(xzy +1). Subtracting these two relations we get 
2u(a+y) = 2u(x)u(y) +2u(x)v(y). Now replacing y by —y the relation 
turns into w(x — y) = 2u(x)u(y) — 2u(x)u(y) so v(x +y) — v(x — y) = 
2u(xz)u(y). We have met this equation before, and have shown that the 
only solutions u,v with u even and v odd are v = csinax,u = cosax 
or v = csinhax,u = coshax or v = cz,u = 1 or v = 0, u any even 
function. We can eliminate the first two solutions immediately, as an 
expression of h as sine-cosine surely doesn’t satisfy the condition (just 
look that h(xy + 1) — ah(xy) has nothing to share with h(x + y) or 
h(x)h(y)). If v = cz,u = 1 then h(x) = 1+ cr,a = 1 + c so we get 
1l+c(at+y)+(14+c)(14+ cry) = (1+cr)(1+cy) +1+c(ry +1) which 
satisfies the condition, and g(x) = (1+c)(1+cr)—c(x41) = ert+1. If 
v = 0 then h is even. Then writing the condition on h for x, y and x, —y 
then subtracting them we get h(x+y)—h(x—y) = h(1+2y)—h(xy-1). 
This function was solved previously by us with solutions h(x) = axz?+1. 
In this case h(1) = a+1 and g(x) = (a+1)(ax? +1) —(a(x+1)?+1) = 
a?r? — 2ax. 


k 


Problem 121. Find all continuous functions f,g,h: R — R that 
obey 


f(z +y) +h(x)h(y) = glzy + 1) 


Solution. This problem is very similar to the previous. Set y = 0 


to get f(x) + h(x)h(0) = g(1). From here f(x) = g(1) — h(x)h(0). 
Again we can suppose g(1) = 1 because otherwise we an subtract 
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g(1) from both g and f and the condition will still hold. So we get 
h(x)h(y) —h(O)h(a+y) = g(ay +1). If h(O) = 0 we deduce h(x)h(y) = 
h(xy)h(1) = g(xy + 1) so h(x) = ax®, g(x) = a?(x — 1)°. Otherwise we 
can suppose h(0) = 1. Then h(x)h(y) —h(a+y) = g(xy +1). If we set 
y = 1 we get g(x + 1) = ah(z) — h(x + 1) so g(x) = ah(x — 1) — h(x) 
where a = h(1). Exactly like in the previous problem we conclude that 
either h(x) = 1+cz or h is even. For h(x) = 1+czx we get (l+cr)(1+ 
cy) -l—c(at+y) = (14+ c)(1 + cry) —1—c(xy +1) and by looking at 
the coefficient of zy we get c= 1 so h(x) = 1, f(x) = —1, g(x) = 0. If 
h is even then we get h(x)h(y) — h(x + y) = ah(xy) — h(xy + 1) and 
h(x)h(y) — h(x — y) = ah(xy) — h(zy — 1) thus h(x +y) — h(x — y) = 
h(xy + 1) — h(xy — 1) again so h(x) = cx? + 1. We easily draw the 
conclusions from here. 
Symmetrization and Additional Variables 


Problem 100.Find all functions f :: R — R for which 
fæ +y) = fe) Fy) Flry) 


Solution. If f(u) = 0 then setting y = x — u we deduce f(x) = 
0. If f is not identically zero, then f is non-zero on R. We add 
again a new variable z: f(x +y +z) = f(x)f(yt+ z)f(zy + yz) = 
fla) fy)fle)fyz)f (xy) f (xz) f(2?yz). Now if as the left-hand side is 
symmetric by swapping x and y we get the relation f(x + y +z) = 
f(x) fytz)f(eytyz) = F£) flu) fe) fuz) fey) f(2z) f(xy*z). Hence 
f (xyz) = f(xy?z). Then picking up u,v Æ 0 and setting x = u, y = v 
we get xyz = u?z,y’xz = uv*z so z = + implies z’yz = u*z thus 
f(u) = f(v). So f is constant on R\ {0}. If f = c then c=c* soc = 0 
or c= +1. In any case by setting y = —x 4 0 we get f(0) = = c. 
Thus f is either identically zero, or identically 1, or identically -1. All 
of them satisfy the condition. 


Problem 122. Find all continuous functions f: R — R such that 
fæ +y) + fley- 1) = f(x) + Fly) + Flzy) 


Solution. If g(x) = f(a) — f(a —1) then we have f(x + y) — f(x) — 
f(y) = g(xy). From here f(a+y+z) = f(a) + fly +z) + 9(ay + 22) = 
f(xa)+fliyt+flz)+9(yz)+9(vy+xz). We have encountered this sort of 
equation before, establishing that g is linear. Hence f(x +1)— f(x) = 
cx +d. Setting y = 1 we get f(x +1) — f(z) — f(1) = g(a) = cv +d 
so f(0) = 0. Then setting y = 0 we get g(0) = 0 so g(x) = cx. We 
then have f(z + y) — f(x) — f(y) = czy thus f(z + y) — $lx +y} - 
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f(x) + $x? — f(y) + $y? = 0 and so f(x) = $z? + dx. Then we have 


f(x) — f(x — 1) = $e — 1) +d hence $ = d so f(x) = dz? + dz. 
Problem 75. (Hosszu’s functional equation) Show that a function 


f :: R— R which satisfies 


fæ +y -— zy) + fley) = f(x) + f(y) 
is an additive function plus some constant. 


Solution. This problem is of form f(a) + f(b) = f(c) + f(d) where 
a+b=c+d. The inconvenience if that (a,b) and (c,d) are linked to 
each other, so we cannot state that f(a)+ f(b) = f(c)+ f(d) whenever 
a+b=c+d. We try to eliminate the inconvenience by adding a new 
variable and symmetrizing: 

f(z) + Flu) + fl) = f(z +y- ry) + fley) + fl) = fle +y- 
zy) + f(xy + z — xyz) + f(xyz). By symmetry it also equals f(x + 
z — zz) + f(æz +y — xyz) + f(xyz) and fly +z — yz) + flyz+ zr- 
xyz) + f(xyz). We thus deduce that f(x +y -— zy) + f(xy +z-— zgryz) = 
f(z +z- zz) + f(zz +y -— zyz) = f(y +z — yz) + flyz +z- xyz). 
This is again an equation of form f(a) + f(b) = f(c) + f(d) where 
a+b = c+ d, but this time the restraints are milder. Indeed, let’s 
find for which a,b,c,d with a +b = c + d we can find x,y,z with 
(1—x)(1— y) =a, (1 — 2z)(1— zy) = b, (1 — x)(1 — z) = c. For comfort 
we set u = 1 — z,v = 1 — y,w = 1 -— z to get uv = a, w(u +v — 
uv) = b uw = c. Hence w = £,v = £ and £(u+ £ -— a) = b or 
(c— b)u? — acu + ac = 0. For this equation to have a non-zero solution 
we need to have a positive discriminant so a?c? — 4ac(c — b) > 0 or 
(ac — 2c)? + 4(abe— c?) > 0. When abc > c? this is certainly true. Now 
consider (a,b) and (c,d) with a+b = c+ d. If ab,cd have the same 
sign then we can find such an e sufficiently small in absolute value such 
that abe > e?, cde > e?. Setting eı = a +b — e = c + d — e we get 
f(a) + f(b) = Fle) + Fler) = Fle) + f(d) so f(a) + f(b) = f(c) + fid). 
So f(a) + f(b) = f(c) + f(d) when a +b = c+ d and abcd > 0. Next 
if we have a +b = c + d = s ¢ |0;4] and abcd < 0 then there are u,v 
such that u +v = s u +v — wv < 0 (just take u = v = $). Then 
u+ v = uv + (u +v — uv) by uvuv(u +v — uv) = uv? (u +v — wv) < 0. 
Without loss of generality ab > 0,cd < 0. Then if s > 0 we have 
fla)+f@) = flu)+f w) = f(uv)+f(u+v-uv) = f(c)+f(d) and ifs < 
0 we have f(c)+f(d) = f(u)+f(v) = fluv)+f(u+v—uv) = f(a)t+f (0). 
Finally, even if s € [0;4] (we actually cannot have s = 0 and abcd < 0 
as abcd = ac”), we can find a sufficiently big e such that a+c+e,b+d+ 
e,a+b+2e,c+d+2e > 4 and state f(ate)+f(bt+e) = f(cte)+f(d+e) 
while f(a)+f(c+e) = f(c)+f(ate) and f(b)+f(d+e) = f(d)+f(b+e) 
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hence f(c+e)—f(c) = flate)— f(a), flo+e) — f(b) = f(dt+e)— ftd) 
and f(at+e)+f(b+e) = f(cte)+f(d+e) implies thus f(a) + f(b) = 
f(c) + f(d) in this last case. 

So f(a) + f(b) = f(c) + f(d) whenever a +b = c + d and abcd F 0. 
Now what if abcd = 0? If one of the is zero, say d we must prove 
f(a) + f(b) = f(a +b) + f(0) when ab £0. If a+b € [0;4] we deduce 
the existence of x,y Æ 0 s.t. ry=x+y=a+b thus f(a) + f(b) = 
f(z) + fly) = f(x +y- xy) + f(xy) = flat+b) + f(0). Ifa+b € [0;4] 
again we find a sufficiently big e to have a + b + e,2a + b +e > 4 and 
conclude f(a+b+e)+f(0) = f(ate)+ f(b) while f(a+e)+f(a+b) = 
f(a)+f(a+b+e) hence adding these expressions and cancelling common 
terms we have f(a+b)+ f(0) = f(a) + f(b), as desired. If two of them 
are zero, then either we get (a,b) = (c,d) or one of (a,b), (c,d) is 
(0,0). The first case is clear. In the second case we need to prove 
f(a) + f(—a) = 2f(0) for a 4 0. In this case f(2a) + f(0) = 2f(a) 
while f(2a) + f(—a) = f(a) + f(0). Subtracting this two relations we 
get (0) — f(—a) = f(a) — f(0) so fla) + f(—a) = 2f(0). If three of 
a,b,c,d are zero, the fourth is also zero and the conclusion is clear. 

We have established that f(a) + f(b) = f(c) + f(d) whenever a+b = 
c+d. Then f(a+b)+ f(0) = f(a)+ f(b) thus f(x) — f(0) is an additive 
function and the conclusion follows. 


Problem 98.Find all functions f :: R — R for which 


tf(z)—yf(y) =(x«—-y)f(@t+y) 
holds. 


Solution. We add a new variable to get a relation: xf (x) —zf(z) = 
(x—z) f(x+z) but also af(x)—zf(z) = xf(x)—-yfy)+yf(y)-2f(2) = 
(x—-y)f(a+y)+(y—2)f(a+z). Therefore (x—z) f(e+z) = (x—y)f (z+ 
y)+(y—z)f(y+z). If we want +2 = u,z+y = 1,y+z = 0 by solving 
the system of equations we get x = uth y = u, A u and thus our 
condition becomes f(u) = uf(1) + (1 — u)f(0). Thus f(x) = az +b is 
a linear function, and linear functions satisfy the condition. 

Functional Equations without Solution 


Problem 46. (Romania ’2001) Prove that there is no function 
f: Rt — R* such that 


f(z +y) 2 fla) +yf(F(e)) 
for all x,y € Rt. 


Solution. Use the same arguments as in the second part of the 
solution of Problem 45. 
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Miscellaneous 


Problem 1. (IMO ’2003, shortlisted problem) Find all function 
f : Rt = R*, which are increasing in the segment [1,00) and such 
tha 


f (xyz) + f(x) + Fy) + £2) = Fay) fyz) E (vza) 
for any x,y,z > 0. 


Solution. Replacing x, y and z with ae J and xy, respectively, we 
Y z 


get that 


(1) aflev) + t (2) + (2) = 1000) 


1 
For y = 1 it follows that 3f (x) + f G) = f?(1) f(z). In particular, 


4f(1) = (f(1))?. Since f(1) > 0, then f(1) = 2. Thus, f(x) = f (G) 


ki 
and (1) can be written as 


fey) = ff) - f (=) | 


Further, since e > 1, then f(e) > f(1) = 2 and hence f(e) = e*+e° 
for some a > 0. Using that f(x?) = f? (x) — 2, it follows by induction 
that 

fle”) = e22” F e722” 


for any n € No. Having in mind the equality 
TER ae eer are e; 
we get again by induction that 
flere Seer © pies ome 


for any m,n € No. 

Since the set of numbers of the form m27”, m,n € No, is dense in 
Rt (use the binary representation of the positive real numbers) and f 
is a monotone function in the segment [1, 00), we conclude that f(x) = 
x* +a in this segment. The same is true in the segment (0,1) in 


1 
virtue of the equality f(x) = f (= 


Conversely, it is easy to see that any function of this form satisfies 
the condition of the problem 
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Problem 81. (AMM 1998) Find all functions f: N? — N that 
satisfy: 

a) f(n,n) =n; 

b)f(m, n) = f(n, m); 


c) f(mn+m) _ ntm 


f(m,n) n ’ 

Solution. We can immediately see from a) the algorithm of find- 
ing f, because the three conditions follow exactly the three possible 
steps of the Euclidean Algorithm. Indeed, following the Euclidean Al- 
gorithm by means of steps b),c) we shall reach from (m,n) the pair 
(d,d) where d = gcd(m,n). Also we note that all steps a),b), c) pre- 
serve the quantity Law, Therefore £ Gr = f (d,d) = 4 = 4. So 
f(m, n) = ™ = LCM (m,n). Indeed, LCM satisfies trivially the con- 
ditions a), b). For c) we use the fact that gcd(m,n+m) = gcd(m,n) or 

m(n+m) mn LCOM(mntm) _ nim 


TOMA. LCM Onr) which can be rewritten as OMG T n 


Problem 29.Find for which a there exist increasing multiplicative 
functions on N (i.e. f(n) < f(n+1), f(mn) = f(m)f(n) if (m,n) = 1) 
with f (2) =a. 


Solution. We claim the function must be f(n) = në for some k. 
Assume f(x) = x”, f(y) = y”. If xë < y! then r“! < y” and if zë > y! 
then z** > y”. Pick up now k and let l be the biggest for which y! < 2*. 
Then x* < y't! so we get yt! > r! >y”. Now if v > u we cannot 
have c¥* > y” for sufficiently big k, as x“ > y” > yttHlo—y) > yetti) 
for l > -= Hu > v then gt! > gF so y”! > g1 > g for k > + 
again contradiction. Thus taking k > + if u > v or k such that 


xë > yt! if u < v we would obtain contradiction. So u = v and 


hence f(x) = x” for all z. As f is from N to N, we must have u integer. 
So a must be a power of 2, and conversely if a = 2" then f(x) = 2* is 
good. 


Problem 83. Find all functions f: Z — Z that satisfy: 

a) if pm — n then f(m) = f(n). 

b) f(mn) = f(m) f(n) 

Solution. We see that f(n) takes one of the p values f (0), f(1),..., f(p— 
1). Therefore we can pick up an a for which |f(a)| has the maxi- 
mal value. Then |f(a?)| = |f(a)|? < |f(a)| thus |f(a)| < 1 hence 
f(n) € {—1,0,1}. Now if we set m = 0 into b) we get f(0)(f(n)—1) =0 
so either f is identically 1 (which is a solution) or f(0) = 0. If f is 
not identically 1 then f(0) = 0 hence f(n) = 0 whenever f is divisible 
by p. If f(k) = 0 for k not divisible by p then for any n we can find l 
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such that p|kl — n so f(n) = f(kl) = f(k) f(D) = 0, so f is identically 
zero, a solution. Assume f is not identically zero, so f(n) # 0 if n 
is not divisible by p. Now if n is a quadratic residue modulo p then 
there is a b such that p|n — b? so f(n) = f(b?) = f(b)? = 1. Next 
pick up a quadratic non-residue r. Then for every n which is a non- 
quadratic residue modulo p we can find b such that p|n — rb? hence 
f(n) = f$ GP = f(r) FO = f(r). IE FP) 1 then f(n) = 1 for all n 
not divisible by p. If f(r) = —1 then f is 1 for quadratic residues and 
-1 for quadratic non-residues. 

Concluding, f(n) = 1; f(n) = 0; f(n) = 1 for n not divisible by 
p and f(n) = 0 for n divisible by p; and Legendre’s symbol are all 
solutions to our problem. 


Problem 84. Find all f: No — No that satisfy 
Fm) +P) =m? Hn 


Solution. If f(m1) = f(n2) then setting n = n1, n = nz we conclude 
that nı = n so f is injective. If f(0) = a then f(2a?°) = 0 and then 
setting m = n = 2a? we get f(0) = 8a* so a = 8a‘ thus a = 0. Now 
is M? +n? = 27+ y? then f(f2(m) + f2(n)) = mT +n? = r? +y? = 
f(f?(x) + f?(y)). So the injectivity of f implies that f?(m) + f? (n) 
if m? +n? = r? +y? Set f(1) = b. If we set m = 0,n = 1 we get 
f(b?) = 1. Then set m = 0,n = b? to get f(1) = bt so bt = b. Hence 
fQ) =1 or f(1)= 0. As f(0) = 0 we conclude f(1) = 1. Next set 
m = n = 1 to get f(2) = 2. Set m = 2,n = 0 to get f(4) = 4, 
m = 2,n = 1 to get f(5) = 5, m = n = 2 to compute f(8). Next 
as 3? + 47 = 5? + 0? we get f(3) = 3. Set m = 1,n = 3 to get 
f(10) = 10. As 6? + 8? = 10? + 0? we conclude f(6) = 6. Now we 
have proven during the proof of a previous problem that the condition 
f(m)? + f(n)? = f(x)? + f(y)? for m? +n? = 2? +y? helps us compute 
f(n) inductively on n for n > 6. Therefore f is unique and as the 
identity function is a solution, we conclude that f(x) = z. 


Problem 3. (Bulgaria ’2003) Find all functions f : R — R such 
that 


(1) f(a? +y + fly)) = 2y + f7(2) 


for any x,y 


Solution. It follows by (1) that f is a surjective function. Moreover, 
(f(x))? = (f(—2))?. Let a be such that f(a) = 0. Then f(—a) = 0. 
Setting x = 0, y = a in (1) gives 0 = f(ta) = (f(0))?+2a, i.e., a = 0. 
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ay agama). 1efollows that Fe ae 


0 and hence y+ f(y) = —x?. Thus, y+ f (y) runs over all the non-positive 
real numbers. Since f(0) = 0, (1) implies that 


f(a’) = ((f(a))? 20 and f(y + f(y)) = 2y. 
Setting z = x”, t = y + f(y) and using (1), we conclude that f(z +t) = 
f(z) + f(t) for any z > 0 > t. Then for z = —t we obtain that 
f(—t) = —f(t). The it is easy to see that f(z + t) = f(z) + f(t) 
for arbitrary z and t. Since f(t) > 0 for t > 0, it follows that f is an 
increasing function. Assuming now that f(y) > y, then f(f(y)) > f(y) 
and we get the contradiction 


2y = fly + f(y) = fly) + F(F(y)) > 2f). 


Similar arguments show that the inequality f(y) < y is impossible. 
Therefore, f(x) =x and this function obviously satisfies (1). 


Substitute y = — 


Problem 4. (Bulgaria ’2006) Let f : Rt — R* be such a function 


that 
fa+y)— f@—y) = 4y f(x) f(y) 
for any x > y >Q. 
a) Prove that f(2x) = 4f (x) for any x > 0. 
b) Find all such functions f. 


Solution. a) Since f(x +y) — f(x — y) > 0, then f is a (strictly) 
increasing function. Hence f(x) has a limit 1 > 0 as z — 0, x > 0 
(prove). Letting z, y > 0, x > y > 0 gives l — l = 4V, i.e., L= 0. Fix 
now x. Letting y —> 0, y > 0, implies that f(x + y) — f(x — y) - 0. 
Since f is a monotonic function, we conclude that it is continuous at 
x. Finally, tending y —> x, y < x, we get that f (2x) =4f(z). 

b) Put z = ny > 0 and n > 2. Then 


Fln + 1y) = f(r — 1)y) + 4v f(ny)f (y). 
Using that f(2y) = 4f(y), we conclude by induction that f(ny) = 
n? f(y). Set f1) = c > 0. Then f(n) = n?c. For p,q € N one has that 


cp’ = f(q.p/4) = Vf (P/Q), ie. f(p/q) = e(p/q)?. Since f is a continu- 
ous function, it follows that f(x) = cx? for any x > 0. Conversely, the 


functions of this form satisfy the given condition. 


Problem 6. (Ukraine ’2003) Find all functions f : R — R such that 
Fafa) + fy) =a +y 


for any x,y (compare with Problem 10). 
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Solution. Setting x = 0 in the given equation gives f(f(y)) =. 
Then 

2? +y= f(af(x) + fy) = FESE) +f) = Pa) +y, 
i.e. |f(x)| = |x| for any x. Suppose that f(x) = x and f(y) 
some x and y. Then we get from the given equation that (xê — y) = 
x? + y which implies x = 0 or y = 0. 

Thus the only solution of the problem are the functions f(x) = x 


and f(x) = —2. 


Problem 1. (Bulgaria ’2004) Find all non-constant polynomials P 
and Q with real coefficients such that 


(1) P(x)Q(a + 1) = P(x + 2004)Q(z) 
for any x € R. 


Solution. Set R(x) = P(x)P(a +1)... P(x + 2003). It follows by 
(1) that if x is greater than the real zeros of P, then 


Q(z) Q(z+1) 
(2). HG) REFI 
Q(z) Q@+n) 


We conclude by induction that for any n € N. Note 


that lim Corn) 
n>% R(x +n) 


R(x) R(x+n) 
is a number independent of x, or oo. On the other 
Q(x) 
R(x) 
c Æ Ois a constant. Conversely, if Q(x) = cP(x)P(#+1)... P(x+2003), 
then (1) is satisfied. 


Remark. Using the equality (2), the solution can be also done by 
comparing the coefficients of the respective polynomials. 


hand, this limit equals . Hence Q(x) = cR(x) for any x, where 


